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Abstract—The paper presents a review of numerical algorithms developed at the Laboratory of Medical
and Industrial Ultrasound at Lomonosov Moscow State University, which are used to solve the evolution
equations of nonlinear acoustics, such as the Burgers equation, the Khokhlov–Zabolotskaya–Kuznetsov
(KZK) equation, and the one-way Westervelt equation. The main results obtained using these numerical
models in studying the propagation of intense acoustic waves in various media are presented. In particular,
examples of solving problems in medical ultrasound, nonlinear aeroacoustics, and nonlinear underwater
acoustics are considered. The generalization of one-way models to account for medium inhomogeneities is
discussed, employing wide-angle parabolic approximation methods in three-dimensional problems.
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INTRODUCTION

When addressing a wide range of problems in
acoustics, it is essential first and foremost to de-
termine the quantitative characteristics of the wave
field generated in the medium by various transduc-
ers or sound sources. The equations describing the
propagation of acoustic waves in liquids and gases
incorporate a multitude of physical effects, such as
diffraction, absorption and dispersion, scattering by
medium inhomogeneities, and—in the case of high-
intensity waves—nonlinear effects. These equations
are quite complex, and in the general formulation
of the problem, it is usually not possible to obtain
analytical solutions for them. Therefore, in most
cases, numerical modeling methods are employed,
which allow one to obtain solutions for relatively ar-
bitrary configurations of the medium and sound field
sources. Moreover, the complexity of solving the
problem depends on the complexity of the underlying
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equations and the approximations inherent in them.
Typically, two main types of equations used in the
numerical modeling of acoustic wave propagation can
be distinguished.

First, there is a system of so-called full-wave
equations of acoustics in liquids and gases, which
can be obtained from the Navier–Stokes equations
under certain assumptions [1]. Such a system most
comprehensively takes into account all the physical
effects associated with wave propagation, but at the
same time, when solved numerically, it demands the
greatest computational resources. In this approach,
time acts as the evolution coordinate, and the numer-
ical algorithms involve calculations that update the
three-dimensional fields of various acoustic quanti-
ties (pressure, particle velocity, density), defined on
discrete grids at each subsequent time step. Since
the time step is linked to the spatial steps of the
numerical grid by the Courant–Friedrichs–Lewy
(CFL) criterion, the computational cost grows in-
versely proportional to the fourth power of the spatial
grid step size. As a result, solving problems in the
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presence of high-frequency components of the field
becomes extremely resource-intensive. In particular,
such a situation arises when nonlinear effects are
taken into account, when the generation of higher
harmonics of the fundamental emission frequency
takes place. Currently, the most well known software
implementation of this approach is the “k-Wave”
numerical modeling package, which implements the
ideas embedded in the full-wave model using the
pseudospectral method [2].

Secondly, a large number of problems can be
solved based on simplified equations in which vari-
ous approximations were employed in the derivation
process. For example, a physically justified simpli-
fication is the assumption of the one-way nature of
wave propagation. Such a situation arises when a
source sends waves into a half-space in the form of
a directed wave beam, which is often implemented
in various practical applications. By considering
only forward-propagating waves, one can effectively
eliminate one spatial dimension, thereby reducing the
dimensionality of the problem by one. Namely, one
of the spatial coordinates, chosen as the predominant
direction of wave propagation, becomes the evolution
variable due to the transition to a moving coordinate
system. Thus, along this direction, the boundary-
value problem is replaced by an initial-value problem,
which is significantly simpler. The initial field is
usually specified in a certain plane perpendicular
to the axis of the evolution coordinate. The wave
field is calculated sequentially, moving in a marching
algorithm along the evolution coordinate from the
current perpendicular plane to the next one with a
certain step. In this case, the field in the moving
coordinate system changes relatively slowly, which
simplifies the application of numerical methods.

Examples of equations of this type in acoustics
include the Burgers equation for one-dimensional
finite-amplitude waves [3] and the Khokhlov–Zabo-
lotskaya–Kuznetsov (KZK) equation for describing
nonlinear wave beams [4]. The Westervelt equa-
tion [5], originally formulated to describe nonlinear
waves propagating in all directions, can also be trans-
formed into a one-way form. Methods of wide-angle
parabolic approximation have developed extensively,
being widely applied in aeroacoustics [6, 7], in un-
derwater acoustics [8–10], and in other fields [11].
It is precisely equations of this type that were pre-
dominantly employed in solving numerous scientific
problems at the Laboratory for Industrial and Medical
Ultrasound of Lomonosov Moscow State University
(LIMU, http://limu.msu.ru/). This is explained by
the fact that the main interest lay in wave phenomena
with strong manifestation of nonlinear effects and,
owing to the complexity and cumbersomeness of the

corresponding numerical problems, one-way mod-
els effectively became the only feasible option. In
the present review, the main scientific directions of
the Laboratory are highlighted, in which numerical
modeling was performed using the aforementioned
equations, namely, medical ultrasound, aeroacous-
tics, and parametric emission of low-frequency sig-
nals. Separately, the issue of generalizing one-way
models to the case of an inhomogeneous medium in
three-dimensional problems is discussed, employing
methods of the wide-angle parabolic equation.

1. THEORETICAL MODELS
AND NUMERICAL SCHEMES

1.1. Burgers Equation

For describing the propagation of plane (one-
dimensional) finite-amplitude waves in a thermovis-
cous medium, the Burgers equation is often used:

∂p

∂z
=

β

c30ρ0
p
∂p

∂τ
+

δ

2c30

∂2p

∂τ2
. (1)

Here, p is the acoustic pressure, z is the evolution-
ary spatial coordinate, τ = t− z/c0 is time in the
accompanying coordinate system, c0 is the speed of
sound, ρ0 is the medium density, β is the nonlinearity
coefficient, and δ is the thermoviscous absorption co-
efficient. The Burgers equation can also be modified
for the cases of cylindrical and spherical waves [3].
Without thermoviscous absorption, the equation is
known as the equation of simple waves:

∂p

∂z
=

β

c30ρ0
p
∂p

∂τ
. (2)

Equations (1) and (2) have analytical solutions
that are described in the relevant manuals [12]. How-
ever, they are not always convenient to use in practice
due to the need to calculate integrals, and in many
cases, it turns out to be simpler to obtain a solution
by one or another numerical method on a discrete
grid. Furthermore, in some problems, for example, in
aeroacoustics, it is necessary to additionally account
for the relaxation mechanism of absorption, which
also precludes using the analytical solution for the
general form of the waveform [13]. Since the Burgers
equation is part of other nonlinear acoustic equations
(for instance, the KZK equation), it makes sense to
dwell in more detail on the main numerical methods
for solving it.

By structure, in the right-hand side of the equa-
tion, there are two differential operators, one of which
describes nonlinear effects responsible for the steep-
ening of the waveform and the generation of higher
harmonics of the fundamental frequency, while the
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other describes thermoviscous absorption. In oper-
ator form, the equation can be written as

∂p

∂z
= LNp+ LAp, (3)

where

LN =
β

2c30ρ0

∂ (·)2

∂τ
(4)

is a nonlinear operator and

LA =
δ

2c30

∂2

∂τ2
(5)

is the operator of thermoviscous absorption.

Although it is in principle possible to construct a
numerical scheme that takes into account the effect
of the combined operator LN + LA on the right-hand
side, the splitting method [14, 15] is most frequently
used. The idea of the method is to replace the com-
putation of the solution of the equation at each small
step Δz along the z-axis with the combined operator
on the right-hand side (3) by a straightforward se-
quence of computations of the solutions to equations
that have only one operator on the right-hand side,
LN or LA. Most commonly, one encounters first-
order and second-order accuracy schemes:

p (z +Δz) ≈ LN,ΔzLA,Δzp (z) , (6)

p (z +Δz) ≈ LA,Δz/2LN,ΔzLA,Δz/2p (z) , (7)

where, the operators LN,Δz and LA,Δz describe the
outcomes of solving the equations with the nonlinear
operator and with the absorption operator, respec-
tively, over a full step of the evolutionary coordinate
Δz, while LA,Δz/2 describes the solution of the equa-
tion with the absorption operator over a half step
Δz/2. For the equation with the nonlinear operator,
it is essentially necessary to solve the simple wave
equation (2), and in the equation with the absorption
operator, it is necessary to solve an equation that
is equivalent in form to diffusion or heat-conduction
equations. Since the operators of nonlinearity and
absorption do not commute with each other, the error
of this representation of the solution is proportional
to O

(
Δz2

)
and O

(
Δz3

)
for first- and second-order

accuracy schemes, respectively, and at sufficiently
small Δz, it becomes negligibly small. The advantage
of splitting schemes lies in the fact that for each
operator, one can use the numerical scheme most
suitable for it. Next, let us consider the main variants
of the schemes used for both operators.

If the wave at the source is a harmonic signal with
angular frequency ω0, then it is more convenient to

use a spectral approach in which the pressure func-
tion p (τ, z) is expanded into a finite Fourier series

p (τ, z) =

N∑

n=−N

pn exp (inω0τ) , (8)

where N is the number of harmonics, and the ampli-
tudes with negative indices are complex conjugates of
the amplitudes with positive indices: p−n = p∗n. After
substituting the Fourier expansion into the simple
waves equation (2), one can write a system of non-
linear ordinary differential equations for the complex
harmonics pn:

∂pn
∂z

=
iβnω0

c30ρ0

×
(

N−n∑

m=1

p∗mpn+m +
1

2

n−1∑

m=1

pmpn−m

)

. (9)

Here, p∗m is the complex conjugate of pm. The system
of equations (9) is solved by the standard fourth-
order Runge–Kutta method, in which the number
of computational operations in this case is propor-
tional to the square of the number of harmonics [16].
Therefore, the method is efficient only when there is
a small number of harmonics (a few dozen), suffi-
cient for describing weakly distorted initially sinu-
soidal waveforms. When nonlinear effects strongly
manifest themselves, resulting in the formation of a
shock front in the waveform, the number of harmon-
ics required in the numerical description grows to
hundreds and thousands, and the method becomes
extremely inefficient. To limit the number of har-
monics in the spectral description of discontinuous
waves, an asymptotic method was developed in which
high-frequency components were included using an
analytical result for the spectrum of a discontinuous
wave. This method made it possible to describe
the propagation of discontinuous waves using only
30 harmonics, but it was implemented solely for the
one-dimensional case of plane wave propagation in
an ideal medium and in a medium with an arbitrary
frequency law of absorption and dispersion [16, 17].
In the general case of strongly nonlinear waves, it is
advisable to use schemes formulated entirely in the
time domain. Thus, in the program codes developed
at LIMU, a conservative Godunov-type scheme pre-
sented in [18] is used. This scheme makes it possible
to use only 1–2 time-grid points on the shock front
and correctly describes the speed of the front’s mo-
tion and the decrease in its amplitude over distance
traveled.

The details of implementing the numerical scheme
in the time domain can be found in [19]. This time-
domain scheme is also better suited for describing
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the propagation of pulsed signals, whose spectrum is
initially very wide.

The thermoviscous absorption operator can be
computed in the spectral representation using an
exact analytical solution in the form of a decaying
exponential:

pn (z +Δz) = exp

(
−Δzδω2

0n
2

2c30

)
pn (z) . (10)

This method is also applicable when the absorption
operator takes a general form, for example, in the
presence of an arbitrary number of relaxation pro-
cesses (such as two relaxation processes for air) or
in the case of a power-law frequency dependence of
absorption (as in biological tissues). The correspond-
ing absorption-related dispersion is likewise included
in the analytical solution. In the time representation
of the thermoviscous absorption operator, one can
use well-known explicit and implicit finite-difference
numerical schemes, usually formulated for heat con-
duction and diffusion equations.

It is also worth noting that if the pressure field rep-
resentations for computing the nonlinearity and ab-
sorption operators do not match, then in the splitting
scheme it is necessary at each step in the operator
sequence to switch from the time representation to
the spectral one and back again using the fast Fourier
transform (FFT). This slightly increases the compu-
tation time but offers more convenience in selecting
the most suitable combination of numerical schemes.

1.2. KZK and Westervelt Equations

Many physical phenomena observed in directed
beams of nonlinear acoustic waves are explained by
the combination of nonlinear and diffraction effects.
Therefore, in realistic models, one must take into
account not only nonlinearity but also diffraction ef-
fects, which are described in the evolutionary KZK
equations

∂2p

∂z∂τ
=

c0
2

(
∂2p

∂x2
+

∂2p

∂y2

)

+
β

2c30ρ0

∂2p2

∂τ2
+

δ

2c30

∂3p

∂τ3
(11)

and Westervelt equations:

∂2p

∂z∂τ
=

c0
2

(
∂2p

∂x2
+

∂2p

∂y2
+

∂2p

∂z2

)

+
β

2c30ρ0

∂2p2

∂τ2
+

δ

2c30

∂3p

∂τ3
. (12)

The same notation applies here as in the Burgers
equation (1). The z axis of the Cartesian coordinate
system is usually chosen to coincide with the beam

axis and indicates the predominant direction of wave
propagation in the beam. On the right-hand side of
the KZK equation, the diffraction operator, which is
proportional to the Laplacian in the transverse plane
(x, y), appears first. In the Westervelt equation, the
diffraction operator is proportional to the full Lapla-
cian. These two equations on the right-hand side
contain the same nonlinearity and absorption oper-
ators as in the Burgers equation. The equations are
written for a homogeneous medium with constant
sound speed and density. Accounting for inhomo-
geneities is a separate topic and is discussed at the
end of the article. The main difference between the
two equations is that in the KZK equation, diffraction
effects are described in the parabolic approximation,
which holds for small diffraction angles. It is com-
monly assumed that the accuracy of the parabolic
equation is sufficient for diffraction angles of approxi-
mately up to 15 degrees relative to the beam axis [20,
21]. The actual angular range may vary depending on
the specific problem being solved using the parabolic
equation [22]. In the Westervelt equation, the diffrac-
tion operator is exact. This is evident from the fact
that, upon discarding the nonlinearity and absorp-
tion operators, the Westervelt equation reduces to the
usual linear wave equation, rewritten for the pressure
field in the accompanying coordinate system.

When constructing numerical schemes for the two
discussed equations, just as for the Burgers equation,
one can employ a splitting scheme with respect to
physical factors, with the only difference that instead
of two operators, the scheme involves three operators
describing the corresponding physical effects: non-
linearity, absorption, and diffraction [23]. The order
of these operators can vary; however, in practice, the
most frequently employed second-order version of the
scheme is the one in which the sequence of operators
begins and ends with the diffraction operator LD,
which computes the field for a half-step along the z
axis [24]:

p (x, y, z +Δz)

≈ LD,Δz/2LA,Δz/2LN,ΔzLA,Δz/2

× LD,Δz/2p (x, y, z) . (13)

It is easier to compute the diffraction operator
in the spectral representation of the pressure field
(8). For each Fourier harmonic pn, in the case of
the parabolic approximation in the three-dimensional
variant of the KZK equation, it is necessary to solve
the evolutionary equation:

∂pn
∂z

=
1

2ikn

(
∂2pn
∂x2

+
∂2pn
∂y2

)
, (14)
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where kn = nk0 = nω0/c0 is the wave number at the
angular frequency ωn = nω0. This parabolic equa-
tion takes the form of a diffusion or heat-conduction
equation with an imaginary coefficient and is typ-
ically solved using finite-difference schemes based
on the alternating directions implicit method (the
ADI method) in a rectangular domain in the (x, y)
plane [25]. Various boundary conditions can be used
at the edges of the computational domain, including
the perfectly matched layer (PML) needed to damp
spurious reflections when modeling beam diffraction
in a free field.

The diffraction part of the Westervelt equation

∂pn
∂z

=
1

2ikn

(
∂2pn
∂x2

+
∂2pn
∂y2

+
∂2pn
∂z2

)
(15)

is not evolutionary, since it contains in the right-hand
side, as part of the Laplacian, a second derivative with
respect to z, and essentially represents the Helmholtz
equation rewritten for the slowly varying amplitude pn
in the accompanying coordinate system. Therefore,
the method used for the parabolic approximation is
inapplicable here, and other approaches are neces-
sary. In particular, since we are dealing with a ho-
mogeneous medium, the angle spectrum method is
often employed, in which the pressure field of each
harmonic pn (x, y, z) is expanded, using the Fourier
transform, into a set of plane waves (the spatial or
angular spectrum) described by the complex ampli-
tudes p̂n (kx, ky , z) [26]. Here, kx and ky are the
spatial frequencies along the corresponding axes and
can be interpreted as the components of the wave
vector of plane waves in the plane (x, y). In the spatial
spectrum, the partial differential equation becomes a
second-order ordinary differential equation with con-
stant coefficients

∂2p̂n
∂z2

+ 2ikn
∂p̂n
∂z

−
(
k2x + k2y

)
p̂n = 0, (16)

which has two linearly independent solutions. One
of them describes plane waves propagating into the
half-space z > 0, and the other describes propaga-
tion in the opposite direction. Choosing only the
solution for waves traveling in the direction z > 0
makes the model one-way. As a result, the com-
plex amplitude of the plane wave with wave-vector

components
(
kx, ky, kz =

√
k2n − k2x − k2y

)
at each

subsequent step z +Δz is calculated by multiplying
the amplitude at the current step by an analytically
specified coefficient, called the propagator [24]:

p̂n (kx, ky, z +Δz)

= exp
(
iΔz

√
k2n − k2x − k2y − iknΔz

)

× p̂n (kx, ky, z) . (17)

Note that this solution includes not only propagating
plane waves with kz > 0, but also evanescent waves
with imaginary kz , which decay exponentially along
the z-axis. Transforming from the spatial spectrum
back to coordinate space yields the resulting field at
the next step.

The pressure field is usually given on a two-
dimensional rectangular grid, and from a computa-
tional standpoint, the angle spectrum method proves
efficient due to the use of a fast discrete Fourier
transform for two-dimensional matrices. On the
other hand, the discrete nature of the spatial spectrum
leads to certain artifacts [24], associated with the
effect of periodically continued fields in coordinate
space; the degree of these artifacts can be reduced
by various types of spatial spectrum filtering [27].

In addition to the three-dimensional KZK and
Westervelt equations, in some cases it can be prac-
tical to use their versions for axially symmetric fields,
which are simpler to solve numerically because the
number of dimensions is effectively one less. Then,
instead of equations (14) and (15) to compute diffrac-
tion, one must solve analogous equations with the
corresponding radially symmetric Laplacian:

∂pn
∂z

=
1

2ikn

(
∂2pn
∂r2

+
1

r

∂pn
∂r

)
, (18)

∂pn
∂z

=
1

2ikn

(
∂2pn
∂r2

+
1

r

∂pn
∂r

+
∂2pn
∂z2

)
, (19)

where r =
√

x2 + y2 is the radial coordinate of the
cylindrical coordinate system (r, z). The radially
symmetric parabolic diffraction equation (18) can
be solved using finite-difference schemes, for ex-
ample, the Crank–Nicolson scheme, which is writ-
ten after applying the approximations ∂pn/∂z ≈(
pm+1
n − pmn

)
/Δz for the evolutionary derivative on

the left-hand side, and pn ≈
(
pm+1
n + pmn

)
/2 for the

field on the right-hand side. Here, the notations
pm+1
n = pn (z +Δz, r) and pmn = pn (z, r) are used

for the fields at the next and current steps. After
rearranging the terms, the equation takes the form:

(
1− iΔz

4kn

(
∂2

∂r2
+

1

r

∂

∂r

))
pm+1
n

=

(
1 +

iΔz

4kn

(
∂2

∂r2
+

1

r

∂

∂r

))
pmn . (20)

Discretizing the radially symmetric Laplacian on the
grid in r, for example using a second-order finite-
difference method, yields a final system of linear equa-
tions with a tridiagonal matrix, which is solved by
the Thomas algorithm. Boundary conditions in the
form of a PML can also be used at the edges of the
computational domain.
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To solve Eq. (19), corresponding to the diffraction
part of the Westervelt equation, the angle spec-
trum method can also be applied, as in the three-
dimensional case [28]. However, to expand the
field into the spatial spectrum, instead of a two-
dimensional discrete Fourier transform, one must
use the discrete Hankel transform, for which in a
direct implementation, the number of operations is
proportional to the square of the number of spatial
spectrum components, and there is no fast FFT-like
version of the algorithm. Therefore, in the axially
symmetric case, it is far more efficient to employ
the wide-angle parabolic equation formalism [29],
within which one can build finite-difference numerical
schemes structurally similar to those for the narrow-
angle parabolic equation [30]. In that case, the one-
way equation for the harmonic pn is written as

∂pn
∂z

= ikn

(√

1 +
Δ⊥
k2n

− 1

)

pn, (21)

where, for brevity, the transverse Laplacian operator
is denoted as

Δ⊥ =
∂2

∂r2
+

1

r

∂

∂r
. (22)

This formulation employs the pseudodifferential op-
erator

√
1 + Δ⊥/k2n. A formal solution of equa-

tion (21) is expressed by means of the propagation
operator [31]:

pn (r, z +Δz)

= exp

[

iknΔz

(√

1 +
Δ⊥
k2n

− 1

)]

pn (r, z) . (23)

The exponential propagator can be computed approx-
imately using (Nl, Nl) Padé approximations [32]:

pn (r, z +Δz) =

Nl∏

l=1

1 + μlΔ⊥/k
2
n

1 + νlΔ⊥/k2n
pn (r, z) . (24)

Here, the coefficients μl and νl are functions of the
parameter iknΔz (the dimensionless step) and are
determined based on considerations of stability and
accuracy in approximating the original propaga-
tor [33]. In practice, even though the propagator
is computed approximately, usually only a small
number Nl (for example, Nl = 3) in the product of
operators in Eq. (24) is needed to ensure very high
approximation accuracy for steps Δz comparable to
or even exceeding the wavelength. Calculating the
field at each subsequent step reduces to solving a
chain of equations of the form

(
1 + νlΔ⊥/k

2
n

)
p(l+1)
n =

(
1 + μlΔ⊥/k

2
n

)
p(l)n (25)

for the indices l = 1, . . . , Nl, where the sequence

is initiated by the field at the current step p
(1)
n =

pn (r, z), and the result of the entire chain of equations

is the field at the next step p
(Nl+1)
n = pn (r, z +Δz).

Other than the coefficients before the Laplacian in
the left- and right-hand sides, these equations do
not differ from Eq. (20), and constructing a finite-
difference numerical scheme for them is entirely
analogous to the standard Crank–Nicolson scheme
for the narrow-angle parabolic equation.

The equations and methods of solution described
above underlie various separate programs and soft-
ware packages developed at LIMU for a wide range
of problems related to the propagation of nonlinear
acoustic waves. The specific implementation of the
numerical methods is typically adapted to the partic-
ular features of each problem by making physically
justified assumptions, as will be mentioned in the
relevant sections of the article. Here, it is only worth
noting that the presented numerical methods and
algorithms are well suited to parallelization for execu-
tion on multicore processors. For example, the non-
linearity and absorption operators can be calculated
independently and in parallel for different points on
the spatial grid. In nonlinear problems, the diffraction
operator is computed in parallel for individual Fourier
harmonics pn. In the angle spectrum method, par-
allelization of calculations for each harmonic pn can
be accomplished using parallel versions of the FFT
algorithm. At present, work is underway to accel-
erate computations by taking advantage of graphics
processing units [34].

2. MEDICAL ULTRASOUND

2.1. Three-Dimensional Model Based
on the Westervelt Equation for Medical Ultrasound

Although the development of medical applications
of ultrasound began quite some time ago, intensive
research in this field continues to this day [35]. This
is due to the emergence of new technologies and
hardware capabilities, as well as the expanding range
of ultrasound applications in medicine [36]. For
instance, in addition to the classic thermal ablation of
organs and tissues used in implementing the method
of noninvasive ultrasound surgery [37], promising
protocols have been developed involving shock-
wave pulses, known collectively under the name
histotripsy [38, 39].

Numerical experiment plays a major role in the ad-
vancement of medical ultrasound methods. Thus, in
developing various protocols for ultrasound exposure
on the biological tissues of the body in order to assess
the safety and effectiveness of a planned procedure,
one must know in advance the distribution of the wave
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field generated in the medium by the chosen trans-
ducer. Numerical experiment makes it possible to an-
alyze the situation over a wide range of parameter val-
ues for the problem and to select the configuration of
the transducer that best suits the specified goals. At
the same time, numerical experiment can circumvent
many of the limitations present in purely experimental
methods of studying fields and compute the required
quantities throughout the entire region of interest in
space. For example, the finite frequency band and
finite size of measurement sensors (hydrophones) can
significantly distort the waveform being investigated,
whereas in numerical modeling one can obtain the
desired signals practically without distortion [40].

A substantial volume of work carried out at LIMU
on the topic of medical ultrasound using numerical
modeling methods was aimed at creating methods of
quantitative characterization of the fields of power-
ful, strongly focused transducers developed primarily
for noninvasive ultrasound surgery applications. Of
particular interest were modes of operation of the
transducers at high intensities of the ultrasound field,
sufficient for the formation of shock fronts in the fo-
cal region. This relates to the development of new
protocols for irradiating biological tissues based on
the histotripsy method [41] and to improvements in
thermal ablation methods [42]. Accordingly, a com-
bined technique was developed, based on numerical
modeling of nonlinear acoustic equations and on ex-
perimental data obtained when scanning the field with
a hydrophone in the method of acoustic holography
and directly measuring high-intensity fields with a
fiber-optic hydrophone. Initially, this method was
tested on radially symmetric fields using the KZK
equation [43], and then it was extended to three-
dimensional fields using a numerical model based on
the Westervelt equation [44]. Both the theoretical and
the experimental components of the method require
additional explanation here.

Although the individual elements of the three-
dimensional Westervelt equation solution algorithm
described in the previous section are fairly straightfor-
ward and well-studied, its direct application to mod-
eling strongly nonlinear ultrasound fields with shock
fronts leads to unrealistically high memory require-
ments and lengthy computations. This is due both
to the large number of harmonics needed to accu-
rately describe waves with discontinuities and to the
increased requirements on the spatial resolution of the
numerical grid in the transverse plane, since the focal
region size for focused nonlinear waves is smaller
compared to the linear case. Therefore, a physically
justified optimization was proposed, related to the
spatial characteristics of the focused fields of typical
transducers for noninvasive ultrasound surgery [45].

Specifically, because nonlinear effects depend on am-
plitude, as the wave field intensity increases, they
begin to manifest earlier where the amplitude in the
wave beam is highest, i.e., in a small region around
the focus. As a result, in all practically realizable
high-power irradiation regimes, shock fronts are also
formed near the focus. In the rest of the space,
the field remains quasi-linear, i.e., it has a waveform
only slightly different from a sinusoid, which can be
described using a small number of harmonics. This
allows for storing a large number of harmonics (on
the order of a thousand) in relatively small arrays
corresponding to the numerical grid that covers the
focal spot with sufficient overlap, while for the rest of
the space using arrays with a greatly reduced number
of harmonics (several dozen or hundreds). As a result
of this optimization, the total size of the arrays was
reduced by more than an order of magnitude, and the
computation time was brought down to reasonable
values of a few dozen hours (taking into account
parallel computations on multicore processors). Ad-
ditionally, artificial absorption was introduced in the
numerical scheme, activated locally at the points of
the spatial grid where shock fronts formed. This
made it possible to maintain the specified shock front
width (usually 8–9 grid points per discontinuity) and
to reduce transverse spatial gradients of the pressure
field in order to smooth out spurious oscillations in the
waveform.

Acoustic holography, which is the second compo-
nent of the method, refers to experimental techniques
for investigating wave fields and plays an important
role in matching the developed numerical model to the
description of fields of real transducers [47]. It is worth
noting here that creating ultrasonic transducers for
specific applications is itself a complex scientific and
technical challenge, requiring numerous design ap-
proaches and various materials. Therefore, it is often
impossible to model the operation of an transducer
starting from its geometry and design, because the
details of its implementation (physical parameters of
materials, the placement of emitting elements, elec-
trodes, etc.) are either not precisely known or con-
stitute a trade secret, while the equations accounting
for piezoelastic effects in solids and their solution
methods are quite complicated. Acoustic hologra-
phy avoids many of these difficulties and abstracts
away from most design details by obtaining complete
information on the resulting field generated by the
transducer in the medium.

One convenient way to implement acoustic holog-
raphy is the synthetic aperture method. For this
purpose, using a hydrophone, one records the spatial
distribution of pressure on a certain surface (usually
a plane perpendicular to the beam axis, although sur-
faces of other geometries can also be used [48]) when
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the transducer operates in specified modes in water.
The scanned distributions of amplitude and phase in
a set of discrete points on the plane in monochro-
matic mode collectively form the hologram, which
can be used to reconstruct the field in any region
of space of interest, under the assumption of linear
wave propagation. When considering pulsed signals,
one can, using a time-frequency Fourier transform,
obtain sets of monochromatic holograms (so-called
pulsed or nonstationary holograms) for a particular
frequency band all at once [49]. To transfer the field
onto the required surface, one employs numerical
models based on the angle spectrum method (from
plane to plane) or on calculating the Rayleigh integral
(for curved surfaces) [47].

In numerical modeling of powerful ultrasound
fields, the hologram is used to specify the initial
conditions for the one-way wave model [44]. In this
case, the hologram is recorded at some distance from
the source, and then linearly propagated back to the
plane attached to the transducer. For example, if
the transducer is made on a segment of a spherical
surface, this might be the tangent plane at the apex
of that surface. The hologram is usually recorded at a
sufficiently low acoustic power of the beam, at which
the field can be regarded as almost linear. When the
transducer drive power is increased, the hologram
is rescaled in amplitude by a factor determined from
additional hydrophone measurements at some point
in the near field. Hence, there is no need to account for
the coefficient of conversion of electrical power sup-
plied to the transducer into the acoustic power of the
beam, which, generally speaking, varies depending
on the device’s operating mode.

Acoustic holography has been developing in the
laboratory as a research direction in its own right,
and a number of important results have been obtained
in biomedical ultrasound applications. In particu-
lar, one can reconstruct the amplitude and phase of
the particle velocity on the surface of the transducer
(Fig. 1), for example, to detect defects indicated by a
low amplitude of oscillations in some area [50], or by
phase deviations, which is convenient in character-
izing multielement transducers [51]. Moreover, the
method allows one to identify and compensate for in-
accuracies in the relative positioning of the hologram
surface and the transducer [52], as well as devia-
tions of the positioning system’s axes from orthog-
onality [53]. For multielement transducers, it was
proposed to record holograms of individual elements,
which can subsequently be combined in numerical
modeling to analyze the electronic focusing capa-
bilities by adding the corresponding phases to the
signals fed to individual elements [54]. Measuring
the total beam power by leveraging the radiation force

effect, together with the hologram data, enables ab-
solute hydrophone calibration [55]. Reconstructing
the phase on the spherical surface of a multielement
transducer based on holography data is used to cor-
rect shape defects introduced during manufacturing,
since in practice it deviates from the ideal sphere [56].
The correction, applied as an additional phase on the
elements, improves the wave beam focusing. Using
the holographic approach to determine the full beam
structure allows one to decompose the field into a set
of true plane waves even for focused beams, which is
employed in determining the acoustic characteristics
of materials of small volume, relevant for biological
samples [57].

Using the combined technique described above,
the fields of a large number of medical ultrasound
transducers of various designs were analyzed. In
doing so, the modeling results were compared with
measurements of waveforms at the focus made using
a fiber-optic hydrophone, which has absolute calibra-
tion and a wide frequency band sufficient to reproduce
waveforms with shock fronts. For example, it was
shown that the field generated in water by a 256-
element array of a commercial ultrasound surgery
system (Sonalleve V1 3.0T, Philips Healthcare) is
well described within this model over the entire ac-
cessible range of powers, including regimes in which
a shock front forms with amplitudes up to 100 MPa
at the focus [44]. Similar results were obtained for
several prototypes of large multielement arrays devel-
oped for the boiling histotripsy method [58, 59]. For
other applications, the nonlinear fields of diagnostic
transducers in the form of one-dimensional linear
arrays were investigated. Such arrays can operate
in a combined mode both for providing therapeutic
impact and simultaneously for acquiring a diagnostic
image. For instance, it was shown that for a standard
128-element commercial diagnostic transducer C5-
2 operating at a frequency of 2.3 MHz, which in a
high-power short-pulse mode was tested in the de-
velopment of a kidney stone pushing protocol based
on the radiation force effect, shock fronts can form
at the focus [60]. In this case, when all 128 ele-
ments were activated, there was a significant discrep-
ancy between the modeling and experimental results,
which was explained by the fact that with tight beam
focusing, the focal region became comparable in size
to the diameter of the hydrophone’s sensitive element
(optical fiber), and an averaging effect was observed.
This result indicates that numerical modeling sup-
ported by experimental data can yield more reliable
outcomes than purely experimental methods of inves-
tigation. Another one-dimensional 64-element array
at 1 MHz was developed for implementing pulsed
high-intensity ultrasound techniques. For example,
this method is used to initiate inertial cavitation in
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tissue for targeted drug delivery without introducing
contrast agents (bubbles with an artificial shell). Nu-
merical modeling first made it possible to determine
the optimal design of the transducer that provides the
necessary ultrasound field parameters under specified
constraints on the transducer geometry and the maxi-
mum allowable power [61]. Subsequently, a prototype
device was fabricated, its operation characterized at
the specified powers, the possibilities of electronically
shifting the focus analyzed, and the quality of the
diagnostic image evaluated [62].

The three-dimensional model based on the West-
ervelt equation was also employed for theoretical
analysis of histotripsy protocols for exposure to bi-
ological tissues. Thus, using a combined approach
consisting of jointly applying the full-wave model “k-
Wave” and the Westervelt equation, the propagation
of a powerful focused ultrasound beam through an in-
tact skull into brain tissue was calculated [63]. In this
problem, the entire modeling region was divided into
three subregions: from the transducer to the skull,
a homogeneous subregion with water; then a sub-
region containing a segment of the inhomogeneous
skull; and finally a subregion containing brain tissue,
assumed homogeneous. Such a partitioning allowed
one to compute nonlinear wave propagation in the
homogeneous subregions based on the Westervelt
equation, while the inhomogeneities and irregularities
of the skull surface, and the aberrations they cause,
were accounted for by the linear “k-Wave” model.
Physically, splitting into a combination of linear and
nonlinear models is justified by the fact that skull
bones are a highly absorbing medium and almost
do not transmit the high harmonics generated by
nonlinearity in the first subregion on the path from
the transducer to the skull. As a result, it was found
that, taking into account aberration compensation
based on the capabilities of a 256-element array
with a tightly packed arrangement of elements, and
given existing technical constraints on the maxi-
mum ultrasound intensity at the transducer surface
(40 W/cm2), it is possible to achieve shock fronts in
the brain tissue with amplitudes exceeding 60 MPa
at the focus, and thus to implement histotripsy
mechanisms of tissue treatment.

Another example of using the three-dimensional
nonlinear model relates to studying the focusing of
ultrasound beams in liver tissue in the presence of
ribs [64]. Here, the problem is that the ribs block
part of the beam and, due to the alternating struc-
ture of the open window, create a kind of diffraction
grating. When a multielement array is used, some
of the elements are turned off so that the ultrasound
beam primarily passes through the gap between the
ribs, avoiding excessive heating of the tissues around
them. As a result, not only is the field at the focus

attenuated, but additional diffraction maxima appear,
degrading the localization of the therapeutic effect
of the ultrasound. In the cited work, the process
of thermal ablation of tissue was examined, and it
was shown that by increasing the ultrasound intensity
at the transducer, one can improve the localization
of thermal sources at the main focus via nonlinear
effects. In that case, the outcome is achieved because
nonlinear effects begin to appear earlier in the main
focus than in the side maxima, whose amplitude is
initially smaller. Hence, the onset of shock fronts,
accompanied by a significant increase in heat release,
also occurs earlier in the main focus.

2.2. A Radially Symmetric Model Based on the KZK
and Westervelt Equations in Medical Ultrasound

Problems

As already mentioned above, even when all opti-
mizations are introduced into the algorithms for solv-
ing the three-dimensional Westervelt equation, the
computation with a single specific set of input pa-
rameters for the numerical model takes a significant
amount of time (tens of hours) on high-performance
servers and workstations with multicore processors.
In connection with this, a simplified numerical model
was developed at LIMU based on radially symmetric
versions of the KZK and Westervelt equations (using
the wide-angle approximation to compute the diffrac-
tion operator). The numerical model is equipped
with a graphical user interface and is made avail-
able for free use on the LIMU website as a software
package (Fig. 2a) under the name “HIFU-beam”
[65] (an abbreviation for high intensity focused ultra-
sound beam). Using “HIFU-beam,” one can com-
pute the fields of single-element focused transducers
(Fig. 2b) and ring arrays (Fig. 2c), fabricated on a
segment of a spherical surface, in a homogeneous
medium or a medium consisting of several planar
layers arranged perpendicular to the beam axis. In
this case, such layers can be used to simulate ultra-
sound propagation in biological tissue, which, to a
rough approximation, also consists of layers: skin, fat,
muscle, organs, and so forth. The radially symmetric
model has several applications in which independent
results have been obtained.

First, it serves for analyzing the fields of radi-
ally symmetric transducers (Fig. 2d), which are of-
ten used in medical ultrasound laboratories when
there is no need for more expensive and complex
devices, such as multielement arrays with a three-
dimensional field structure. For example, in addition
to single-element transducers, ring arrays are em-
ployed, which, through electronic focusing, provide
shifting of the focal maximum along the axis. A
negative consequence of electronic focusing is the
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Fig. 1. The distributions of the normal component of the vibrational velocity on the surface of a 256-element piezocomposite
spherical transducer, obtained using the acoustic holography method, are presented for a central frequency of 1.2 MHz, an
aperture of 200 mm, and a curvature radius of 150 mm under different focusing conditions: (a) when emitting short pulses
focused at the geometric focal point, (b) with an electronic focus shift along the axis by 15 mm from the transducer, and
(c) with an electronic focus shift by 8 mm perpendicular to the axis.

formation of secondary diffraction maxima in the pre-
focal and postfocal regions, which can be quite strong
due to the regular structure of ring arrays. For a 12-
element ring array operating at 2 MHz, available in
the laboratory, the influence of electronically shifting
the focus along the beam axis on the formation of
shock fronts in the main and secondary maxima was
examined based on the wide-angle model [46]. Safe
distances were determined for which one can move
the focus away from its original position, set by the
radius of curvature of the spherical surface, and it was
also shown that in some cases, to change the beam’s
focusing angle, it can be more advantageous to turn
off the outer elements rather than phase the array
with all elements turned on. In another study using
the KZK equation, a characterization was carried out
for a radially symmetric transducer of the Duolith
SD1 medical extracorporeal shock-wave therapy de-
vice [66]. Modeling demonstrated that although non-
linear effects appear in the field generated by this
device, shock fronts are still not formed.

Second, using the radially symmetric model based
on the KZK equation, the general properties of non-
linear focused beams and the limiting values of pa-
rameters of discontinuous waves attained at the focus
were investigated. Although analytical estimates for
the limiting pressure level at the focus, obtained from
various approximations, have long been known [67,
68], numerical modeling makes it possible to obtain
specific numerical values with high accuracy. Thus,
for focused piston transducers, saturation curves
were obtained for the positive and negative pres-
sures and intensity at the focus, depending on the
transducer’s gain when focusing linear waves [69].
They are called saturation curves because, when the
amplitude of the initial acoustic wave is increased,
the levels of positive and negative pressure at the

focus vary in a nonlinear manner (Fig. 2e). For
peak positive pressure, there is initially a rise that
is faster than a linear dependence, associated with
better focusing of higher harmonics, and then the rise
slows dramatically because of limiting factors that
arise when a discontinuity wave forms: additional
nonlinear absorption at the shock front or nonlinear
refraction [70]. Peak negative pressure grows more
slowly in magnitude than a linear dependence would
predict. It is shown that the analytical estimates and
the results of the numerical calculation coincide in
order of magnitude, though the error in the analytical
expressions is still too large for practical use. For
pulsed and periodic fields of a Gaussian beam, the
physical mechanisms that cause saturation of the
field at the focus were studied separately [71]. It
was shown that for periodic waves, the saturation of
wave parameters at the focus occurs mainly due to
nonlinear absorption at the shock front. In pulsed
fields, pressure saturation is more related to the
manifestation of nonlinear refraction. As a result, the
limiting values of peak positive pressure in periodic
fields turn out to be higher than in pulsed fields. As
the beam power increases, shock front formation at
the focus takes place at a certain intensity level, after
which the front amplitude rapidly grows, transitioning
to saturation at higher powers. For practical pur-
poses, it was proposed to mark the onset of saturation
by the formation of what is known as a fully developed
discontinuity, which corresponds to the maximum
dimensionless discontinuity amplitude, i.e., the am-
plitude referenced to the pressure at the source [72].
Visually, a fully developed discontinuity forms when
the peak positive pressure becomes equal to the
discontinuity amplitude (Fig. 2f). An transducer op-
erating in the regime of fully developed discontinuities
is best suited for implementing protocols that expose
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Fig. 2. Modeling of radially symmetric nonlinear ultrasonic beams: (a) program logo with a graphical user interface for
“HIFU-beam,” (b) 3D model and field of a single-element focused transducer, (c) photograph and 3D model of a ring array,
(d) positive P+ = p+/p0 and negative P− = p−/p0 dimensionless pressure of the wave field on the axis of a single-element
transducer (focus F = 120 mm, diameter D = 120 mm, frequency f0 = 1.2 MHz) for three characteristic operating regimes:
quasi-linear, fully developed shock at focus, and saturation (where p0 = ρ0c0u0 is the characteristic pressure at the transducer,
related to the amplitude of the surface oscillation velocity u0), (e) dependences of p+, p−, and shock front amplitude psh

in absolute values (MPa) on the transducer pressure p0 (saturation curves), (f) dimensionless waveforms p/p0 for the three
characteristic operating regimes: quasi-linear, fully developed shock at focus, and saturation.

biological tissue using shock-wave pulses. Therefore,
the inverse problem was posed of determining the
necessary parameters of an transducer to create a
fully developed discontinuity of the required magni-
tude in the medium. To this end, multiparameter
forward modeling of the focusing of a nonlinear
ultrasound beam generated by a piston transducer
was carried out, based on the radially symmetric KZK
equation [72]. From analyzing a broad dataset, it
was found that if the transducer’s wave size is large
(which in practical medical ultrasound applications
is almost always the case), the amplitude of the fully
developed discontinuity is determined primarily by the
transducer’s focusing angle or the so-called aperture
number Fnumber = F/D, where F is the focal distance
and D is the transducer diameter. As the focusing
angle increases and Fnumber decreases, the amplitude
of the fully developed discontinuity grows, and for
Fnumber = 1, it reaches about 80 MPа in water. The
corresponding curves of the discontinuity amplitude

and peak positive and negative pressures versus
Fnumber were constructed, and the required acoustic
power of the beam was also determined.

Third, the results obtained in analyzing the focus-
ing of radially symmetric nonlinear beams can also be
applied to estimating fields with a three-dimensional
structure, for example, those created by multielement
randomized arrays. For this purpose, the concept
of an equivalent axisymmetric transducer was intro-
duced, whose linear field provides a good approxi-
mation of the real transducer’s field in the region of
the focal maximum [73]. Since, when linear fields
are close in geometry and amplitude, nonlinear effects
will develop almost identically, the fields will also be
similar at high intensities. This is explained by the
fact that nonlinear effects manifest chiefly where the
field amplitude is highest, i.e., at the focus, where the
approximation by the field of the equivalent source is
most accurate. By using several arrays as an example,
it was shown that the results of numerical modeling
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employing the three-dimensional Westervelt equation
with holographic initial conditions and the radially
symmetric KZK equation for suitably chosen equiva-
lent sources agree well, confirming the viability of this
method [74].

The data obtained in the radially symmetric model
can be used for a quick evaluation of the capabilities
of a given transducer in protocols for exposure using
shock-wave pulses, such as in histotripsy [75, 76]. In
particular, the equivalent source method was used in
exploring the potential feasibility of applying multi-
element focusing transducers to implement the his-
totripsy method in noninvasive surgery of deep re-
gions of the brain through an intact skull [77]. Here,
the field of an arbitrary array on a spherical segment
was replaced by an equivalent source, taking into ac-
count the fill factor of the array’s surface by emitting
elements. Assuming the aberrations on skull-bone
inhomogeneities are compensated, and with reflection
and absorption losses factored in, it was found that
implementing a histotripsy exposure while adhering
to the technical constraints on element intensities is
feasible for arrays with dense fill at ultrasound fre-
quencies around 1 MHz, with an aperture number
Fnumber = 1 and the transducer diameter of about
20 cm.

Furthermore, when examining nonlinear focused
beams, interesting physical effects are observed,
which can be conveniently studied in radially sym-
metric models. In the linear case, the field on the axis
of a piston transducer beam can be represented as
the sum of a direct wave and an edge When nonlinear
effects strongly manifest, each of these waves near the
focus forms a shock front [79]. The fronts are oriented
toward each other at some angle, depending on the
transducer’s focusing angle. These two fronts, in
general, travel at different speeds and at some instant
“collide” with each other near the beam axis, forming
a single new shock front with a larger amplitude.
The incident and reflected wave fronts do not meet
at the surface; rather, they merge at some point
above it, from which a “Mach stem” descends to
the surface. Here, the identical nature of nonlinear-
diffraction effects in two different physical problems is
explained by the fact that, on the axis of a radially
symmetric beam, the same boundary condition is
satisfied as in reflection from an absolutely rigid
surface: zero normal derivative of the pressure at
the surface. On the plot of peak positive pressure
versus distance along the axis, the formation of a
“Mach stem” in a strongly nonlinear focused beam
is revealed by a small local peak located before the
main focal maximum [65]. The point is that after a
shock front of higher amplitude forms in the “Mach
stem,” exceeding that of the two original waves, there
is a sharp increase in nonlinear absorption, which is

proportional to the cube of the shock front amplitude.
Therefore, the front’s amplitude begins to decrease
more rapidly than it did prior to the collision of the
two original fronts shortly before reaching the focus.
Then, the front amplitude recovers and reaches a
maximum, since some distance still remains before
the focus.

3. AEROACOUSTICS

3.1. Nonlinear Pulses in a Randomly
Inhomogeneous Medium

Research in nonlinear aeroacoustics conducted in
the laboratory was largely motivated by the problem of
impulsive noise generated by civil supersonic aircraft.
Noise waves propagate from a supersonic aircraft in
the form of a Mach cone and are perceived on the
ground as very sharp impulsive noise, causing an-
noyance [81]. The classical shape of such a pulse is
known in the literature as an “N-wave,” as it consists
of two steep fronts—a leading and a trailing one—
connected by a linear section, resembling the letter
“N.” It is the asymptotic form of a finite-amplitude
wave that emerges during its extended propagation
in the atmosphere due to nonlinear effects following
the merging of numerous small steep fronts from the
initial aerodynamic disturbance generated near the
aircraft’s fuselage. Currently, the shape of planned
commercial supersonic aircraft is optimized to reduce
the magnitude of the pressure jump on steep sections
of the waveform by “spreading” the impulse in time,
significantly reducing noise levels [82]. Such wave-
forms are discussed in the literature under the term
“low-boom” and are currently actively studied.

Among many aspects of this problem, the labora-
tory studied the propagation of an N-wave through
the near-ground turbulent atmospheric layer. The
specificity of these processes lies in the fact that at
altitudes up to 1–2 km, atmospheric instability leads
to various forms of turbulence, such as vortices in
strong winds or temperature fluctuations in ascend-
ing convective flows over a heated ground surface.
As a result, the speed of sound above the ground
experiences small fluctuations occurring at different
scales, significantly influencing acoustic wave propa-
gation. For example, the random spatial distribution
of sound speed, which can be metaphorically viewed
as numerous scattered acoustic “lenses” of varying
sizes and strengths, leads to random focusing and
defocusing of the wave field, where wave amplitude
and consequently noise levels are randomly amplified
or attenuated [83]. Therefore, the problem typically
involves studying the statistical characteristics of the
wave field after passing through a turbulent layer of a
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given thickness and intensity. In general, wave prop-
agation in randomly inhomogeneous media is exten-
sively documented since it appears across numerous
fields in wave physics [84]. However, the pronounced
nonlinear effects and impulsive nature of the wave
field distinguish this particular problem, influencing
the choice of investigation methods. Due to the
impossibility of obtaining exact analytical solutions to
the corresponding nonlinear wave equations in a ran-
domly inhomogeneous medium, numerical methods
are primarily employed.

In earlier studies in the laboratory, the phase-
screen model was used to represent the randomly
inhomogeneous medium [85]. This model is advan-
tageous because it allows an analytical interpretation
of solutions within the geometric acoustics method.
However, the geometric method leads to singularities
in the acoustic field upon caustic formation, which
must be described separately [86]. Furthermore, a
single phase screen specifies random perturbations
of the wavefront only at an initial plane [87], al-
though, in reality, these fluctuations gradually accu-
mulate as the wave propagates deeper into the inho-
mogeneous medium. Therefore, it is more realistic
to use equations that account for diffraction along
with distributed inhomogeneities in sound speed and
medium velocity (in the presence of wind). In the
most general formulation, even one-way equations
and methods of their solution turn out to be quite
complicated, as they include numerous differential
operators responsible for describing wave propaga-
tion in an inhomogeneous moving medium [88]. It
is also necessary to consider the general geometry of
the incident wavefront (Mach cone) and atmospheric
stratification [89]. For example, a vertical gradient
of sound speed results in different segments of the
initial conical wavefront arriving at the surface at
different angles (in geometric acoustics terms, this
manifests as ray bending). As a result of these com-
bined factors, waves observed at various distances
from the projection of the aircraft’s trajectory on the
ground traverse different lengths within the turbulent
layer inhomogeneities, exhibiting varying degrees of
random waveform distortion.

To identify the key physical aspects of the dis-
cussed problem, it is advisable to consider it in a
simplified formulation. First, to simplify modeling
in terms of initial and boundary conditions, the ini-
tial wavefront can be assumed planar, and a two-
dimensional geometry can be selected due to compu-
tational resource limitations. Thus, calculations are
conducted in a rectangular domain, with one side of
the rectangle aligned along the evolution coordinate
of the one-way wave equation. Second, turbulence
can be considered homogeneous and isotropic. Then,
a single spatial power spectrum of the random field

with a few parameters can be used to specify its
properties. Third, since fluctuations in sound speed,
even in strong atmospheric turbulence, are relatively
small (usually no more than 0.5−1.0%), diffraction
angles are small, and thus the nonlinear parabolic
KZK equation can be employed. A specialized version
of the KZK equation was derived and justified for a
moving medium [90] and subsequently employed in
numerical modeling [91, 92]:

∂

∂τ

[
∂p

∂z
− β

ρ0c30
p
∂p

∂τ
− δ

2c30

∂2p

∂τ2

− Δc+ uz
c20

∂p

∂τ
+

1

c0
(u⊥ · ∇⊥p)

]
=

c0
2
Δ⊥p. (26)

Here, in addition to the notation used in Eqs. (11)
and (12), Δc = c− c0 denotes scalar sound speed
inhomogeneities caused, for instance, by air tempera-
ture fluctuations; uz is the longitudinal component of
the medium velocity vector u (wind); u⊥ is the trans-
verse component of this vector; ∇⊥ is the gradient
over transverse coordinates; and Δ⊥ is the Laplacian
over transverse coordinates.

Since the wave field in this problem is impulsive,
the numerical model was constructed using numeri-
cal schemes formulated in the time domain. This re-
moves the necessity of performing Fourier transforms
to convert to and from the spectral representation of
the pressure field. As initial conditions, a planar N-
wave is usually set within a sufficiently long tempo-
ral window, ensuring the waveform remains within
this window in the moving coordinate system despite
sound-speed fluctuations. Other initial waveforms,
such as those corresponding to a “low-boom” design,
can also be used. For collecting statistical data,
sufficiently long transverse realizations of turbulent
fields of medium velocity or temperature are gener-
ated, then converted into sound speed and acoustic
refractive index. Realizations are generated using the
random Fourier modes method [91]. Typically, the von
Kármán turbulence spectrum consistent with exper-
imental data is employed [93, 94]. For example, in
two-dimensional modeling, the von Kármán energy
spectrum of kinematic turbulence is described by the
expression

E (K) =
55

18

〈u2z〉
c20L

5/3
0

K3 exp
(
−K2/K2

m

)

(
K2 +K2

0

)17/6 . (27)

Here, K = (Kx,Kz) is the spatial spectrum vector,
〈u2z〉 is the mean square of fluctuations of the lon-
gitudinal velocity component uz , Km = 5.92/l0, and
K0 = 1/L0. The spectrum is characterized by an
outer scale L0 associated with the size of the largest
vortices, an inner scale l0 below which vortices dissi-
pate, and an intensity represented by the root-mean-
square fluctuation level of the refractive index for the
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longitudinal component,
√

〈u2z〉/c0. The amplitude of
medium-parameter fluctuations near the transverse
boundaries of the computational domain is typically
smoothed to zero to reduce spurious reflections. In
this case, the type of transverse boundary conditions
is less important, so the simplest conditions, such as
a rigid wall, are chosen. Periodic boundary condi-
tions may also be used. After computing the acous-
tic field at each step along the evolution coordinate,
histograms of various impulse characteristics were
constructed and subsequently processed.

Initially, the physical parameters of the numeri-
cal model were matched to laboratory experiments
conducted in collaboration with colleagues from the
École Centrale de Lyon (France) to study the prop-
agation of N-waves in a turbulent layer under well-
controlled conditions [93, 94]. In these experiments,
spherical N-waves of short duration (30–40 μs) and
high amplitude (up to 1500 Pa at a distance of 15 cm
from the source) were generated by high-voltage
spark discharge [95]. For pulses with such temporal
scales, absorption mainly occurs due to thermovis-
cous effects, so the shock front width, classically
defined as the duration between threshold levels at
10% and 90% of the peak positive pressure pmax in the
waveform, can be calculated using Taylor’s expres-
sion τsh = 4.4δρ0/(βpmax). Relaxation effects related
to the excitation of vibrational degrees of freedom of
N2 and O2 molecules are also important, causing
additional absorption and some asymmetry of the
waveform due to dispersion [95]. In the experiments,
turbulence was generated either at the exit of a pow-
erful air jet from a nozzle (kinematic turbulence) [93]
or in convective flows over a specialized heating grid
(thermal turbulence) [94]. Turbulence spectra were
measured using hot-wire anemometry or resistance
thermometry signals and verified for conformity with
the von Kármán model of homogeneous isotropic
turbulence. The outer scale of turbulence was about
15–20 cm, and the propagation distance in the layer
with inhomogeneities reached 2 m. The turbulence
intensity, in terms of root-mean-square fluctuations
of acoustic refractive index, did not exceed 1%, both
in kinematic and thermal turbulence. Since the wave
processes studied occur similarly in real atmospheric
scales, illustrative materials (Fig. 3 and Fig. 4) are
presented based on modeling data for a full-scale N-
wave.

Results of numerical modeling of the N-wave
propagation process generally showed good agree-
ment with the data from laboratory experiments. To
illustrate the underlying physical phenomena, it is
convenient to consider the following statistical char-
acteristics of the positive peak pressure (hereinafter
referred to as amplitude for brevity), normalized by

values obtained in homogeneous air: mean and stan-
dard deviation to evaluate the general level of fluctua-
tions, as well as cumulative probabilities of exceeding
a certain threshold to track caustic formation. Since
under the given physical parameters the amplitude
at caustics typically exceeds the nominal level by no
more than several times, the probability of twofold
exceeding the nominal amplitude was considered [92].
In the literature, in addition to amplitude statistics, it
is common to analyze the statistics of shock front
width, as it closely relates to perceived noise levels.
However, with strong waveform distortions, the usual
definition of shock front width using thresholds of 10
and 90% of amplitude can yield significantly inflated
results. Additionally, the pressure drop often occurs
not at a single front but rather through a series of
multiple fronts with random pressure differences.
Therefore, in the numerical experiment, instead of
front width, its steepness, defined by the peak of the
waveform derivative, was calculated [92]. In this
approach, the steepest section of the waveform is
automatically identified and considered the “shock”
front. For steepness normalized by corresponding
values in a homogeneous medium, a set of statistical
data analogous to that computed for amplitude was
also considered. Statistical data were analyzed
as functions of the distance traveled by the wave.
It should be noted here that numerical modeling
has a significant advantage over experiments when
analyzing impulse time characteristics because, due
to measurement device limitations (high-frequency
cutoff of microphones), shock fronts were smoothed,
resulting in measured widths several times or even an
order of magnitude larger than actual values [95].

As the wave propagates through the turbulent
layer, the initially planar wavefront begins to bend
randomly due to sound speed inhomogeneities of
different signs, causing focusing and defocusing of
waves. This process develops gradually, involving
progressively larger-scale inhomogeneities until, at
some distance, the strongest caustics with maximum
wave amplitude amplification form, caused by large-
scale inhomogeneities in the turbulence spectrum
(Fig. 3). Caustics are elongated structures, and
their amplitude remains high at distances several
times greater than the distance at which the first
strong focusing occurs. However, defocusing regions
with low amplitude noticeably expand transversely.
Waveforms exhibit significant diversity; for example,
in caustic regions, they adopt a high-amplitude form
called a U-wave, whereas waveforms in defocusing
regions feature blurred shock fronts and reduced
amplitude (Fig. 4). In statistical data, these processes
manifest as an initial linear growth of standard devi-
ation in amplitude and front steepness. The standard
deviation for both values reaches a maximum at the
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Fig. 3. Examples of random realizations of N-wave parameters, normalized to their respective nominal levels, obtained from
numerical modeling of nonlinear pulse propagation in a full-scale turbulent atmosphere: (a) peak positive pressure, (b) shock
front steepness, (c) impulse noise metric perceived loudness Mark VII.
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Fig. 4. Examples of random waveform distortions during the propagation of an initial N-wave with an amplitude of p0 = 20 Pa
(shown by a dashed line) in a full-scale turbulent atmosphere over a distance of 2 km: (a, b) in the caustic region with pressure
amplification; (c, d) outside the caustic region with shock front blurring effects.

distance of the first caustic formation and subse-
quently decreases slowly. At the same time, fluc-
tuations in front steepness are several times greater
than amplitude fluctuations. Cumulative probability
curves also exhibit a maximum corresponding to the
distance where the first caustics form.

Numerical modeling conveniently allows qualita-
tive and quantitative analysis by varying input param-
eters within certain ranges or even by switching off
specific physical effects. Here, the influence of nonlin-
ear effects was primarily studied by performing calcu-
lations with different amplitudes of the initial N-wave
(from 50 to 400 Pa), as well as with the nonlinear
operator disabled (linear problem). It was shown that
the degree of nonlinear effects has a relatively weak
influence on the curves of mean and standard devia-
tion of amplitude. Significant differences can be found
on cumulative probability curves, where differences in
maximum probability can reach up to two times (from
2 to 4% for twice exceeding the nominal amplitude
level). This is explained by enhanced focusing effects

in random caustics due to the greater steepness of the
front at higher initial wave amplitudes [91]. For front
steepness statistics, linear model results show that
the mean front steepness decreases quite rapidly, and
the cumulative probability of doubling the steepness
is very small, less than 1%. Thus, due to scattering by
inhomogeneities of various scales, the initially steep
front rapidly smooths out without the support of non-
linear effects. In the presence of nonlinear effects, the
level of steepness fluctuations strongly depends on
their intensity, and the maximum standard deviation
and cumulative probability differ several times de-
pending on the initial N-wave amplitude. It can also
be observed that the stronger the nonlinear effects,
the slower the intensity of amplitude and front steep-
ness fluctuations decreases with distance. Thus, un-
der laboratory modeling conditions, nonlinear effects
play a crucial role in maintaining a sufficiently steep
wavefront and preventing its smoothing even over
large distances in randomly inhomogeneous media.

It is also interesting to note that although mod-
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eling was carried out in two-dimensional geometry
while the experimental setup was three-dimensional,
statistically, the theoretical and experimental results
turned out to be quite close [91, 93]. This is explained
by the fact that, as subsequently shown by other
researchers using three-dimensional modeling [96],
differences between two-dimensional and three-
dimensional models primarily appear in the high-
amplitude “tails” of distributions, corresponding to
low probabilities.

The developed numerical model can be relatively
easily adapted to analyze N-wave propagation at real
scales, since nearly all physical processes involved are
analogous. The duration of a real N-wave typically
ranges from 100 to 300 ms, so due to the relatively low
frequencies of such impulses, thermoviscous absorp-
tion gives way to relaxation processes. In work [97],
a similar study was conducted based on the above-
described model, analyzing noise metrics alongside
previously mentioned nonlinear pulse characteristics
(amplitude and front steepness). Such metrics are
used to normalize noise levels from supersonic air-
craft in relevant regulatory documents. Here, the
standard PL (perceived loudness) Mark VII metric
was considered, as it correlates well with subjective
noise levels and is almost universally calculated in
studies on this topic. Similar to the analysis at lab-
oratory scales, numerical modeling to assess nonlin-
ear effects varied the amplitude of the initial N-wave
from 10 to 40 Pa, corresponding to realistic pressure
levels of supersonic aircraft of various designs. It
was demonstrated that, qualitatively, the statistics of
amplitude and front steepness in real-scale modeling
behave similarly to those obtained from laboratory-
scale experiments. One qualitative difference, caused
by the lower absorption levels at real scales compared
to laboratory experiments, was observed in the mean
amplitude, which instead of decreasing, showed a
slight increase (from+10 to +30% relative to nominal
values) after passing the distance where strong caus-
tics formed. According to the modeling results, the
mean value of the PL Mark VII metric in a turbulent
medium slightly decreases by 1–2 dB compared to its
nominal level in homogeneous air. It was shown that,
at low and moderate initial N-wave amplitudes (10
and 20 Pa), statistical results for the normalized noise
metric are nearly identical. Under these conditions,
the standard deviation peaks at 3 dB at the distance of
the strongest caustic formation, and the cumulative
probability of exceeding the nominal noise level by
6 dB does not exceed 3% at maximum. Increasing the
N-wave amplitude to 40 Pa slightly raises both the
standard deviation (up to 4 dB) and the cumulative
probability for the noise metric (up to 4%). At this
amplitude level, fluctuations in amplitude and front

steepness significantly increase as well. These phe-
nomena are apparently related to the growth of the
high-frequency part of the impulse spectrum due to
reduced shock front width. As a result, the high-
frequency edge of the wave spectrum shifts toward
the most sensitive frequency range of human hearing,
increasing loudness in regions of random focusing,
thus significantly affecting fluctuations of the noise
metric.

Thus, numerical modeling using the KZK equa-
tion in the problem of impulsive wave propagation
with steep fronts in a randomly inhomogeneous
medium enabled the identification of several im-
portant quantitative and qualitative features of the
acoustic field of a nonlinear wave and its statistical
characteristics. The quantitative data obtained from
numerical modeling methods were confirmed by
laboratory experiment results, as well as by a compre-
hensive collection of literature data gathered from field
tests involving supersonic aircraft overflights [98].

3.2. Registration of Nonlinear Pulses
in Air by Optical Methods

As mentioned earlier, the main challenge in aeroa-
coustic measurements in laboratory experiments
was that condenser microphones used for record-
ing pulsed signals had a limited frequency band-
width [95]. As a result of filtering, the shock fronts
of N-waves were significantly smoothed, and the
shock front width was overestimated by almost an
order of magnitude. Additionally, the measured signal
contained oscillations caused by microphone mem-
brane resonances at frequencies around 150 kHz.
Therefore, in the course of laboratory modeling exper-
iments, a separate research direction was developed
for optical registration of weak shock pulses from a
spark source. Numerical modeling of spherical N-
wave propagation using a modified Burgers equation
also played a significant role here. Thus, specifying
an initial waveform at a certain distance near the
source allowed obtaining waveforms at any other
distances greater than the initial one. As a result, it
became possible to correlate a series of N-waveform
measurements at different distances from the source
with theoretical predictions.

In the simple shadow method, the region through
which the spherical N-wave propagates was illumi-
nated by a parallel beam of white light from a short
spark flash, and the resulting shadow pattern was
recorded [99]. This method is sensitive to sharp vari-
ations in the optical refractive index at shock fronts,
and it enabled measurement of the front width, which
closely matched values obtained from Burgers equa-
tion modeling for the spherical N-wave. To recon-
struct the complete acoustic waveform, the Schlieren
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method was applied, which generally provided good
results, except for the blurring of the shock front
in the image due to the insufficient response time
of the digital camera [100]. The best data were
obtained using a setup based on a Mach–Zehnder
interferometer operating in an infinite fringe width
mode [101]. The temporal resolution was determined
by the width of the laser beam at the point of con-
tact with the spherical wavefront and was 0.4 μs,
which is at least six times superior to the capabilities
of commercial condenser microphones (e.g., B&K
type 4138, 1/8 inch). Numerical modeling of the
Burgers equation for spherical waves was used to
estimate the error in the waveform reconstruction
procedure based on the optical signal integrated along
the laser beam passing through a radially symmetric
acoustic pressure distribution. A separate numerical
algorithm, which was part of the waveform recon-
struction procedure, was implemented to perform the
inverse Abel transform [100].

The quality of the reconstructed experimental
nonlinear waveform was so high that optical mea-
surement results from the Mach–Zehnder interfer-
ometer were used as a reference in the procedure
for determining the amplitude and phase–frequency
response of acoustic microphones. Initially, standard
microphones (B&K type 4138, 1/8 inch) were cali-
brated [101], and later, the optical setup was used to
test prototypes of advanced high-frequency micro-
phones with a theoretical bandwidth of up to 1 MHz,
fabricated using MEMS (microelectromechanical
systems) technology [102].

Subsequently, the interferometer was used for ex-
perimental studies of the reflection process of a weak
shock wave generated by a spark source in model
experiments, under conditions leading to the forma-
tion of a “Mach stem” [103]. In this study, wave-
forms were measured at different heights above a
flat surface, and the reflection pattern was mapped
at several distances from the spark source. Based
on these data, the height of the “Mach stem” was
determined, and its evolution was tracked as the wave
traveled further along the surface. Experimental data
from optical measurements of irregular reflection of a
nonlinear wave were compared with direct numerical
simulations of compressible fluid equations and were
found to be in good agreement with theory [104, 105].

4. PARAMETRIC PROCESSES
IN ULTRASONIC BEAMS

The numerical modeling methods for one-way
nonlinear wave equations developed in the labo-
ratory were used to study a classical problem in
nonlinear acoustics related to the interaction of high-
amplitude waves of different frequencies. In the early

1960s, the concept of an end-fire parametric antenna
was independently proposed by P. Westervelt in the
USA [5] and by V.A. Zverev and A.I. Kalachev in
the USSR [106]. During the nonlinear interaction of
two high-intensity high-frequency pump waves in a
medium, a cascading process of generating multiple
spectral components occurs. At a certain distance
from the source, due to frequency-dependent absorp-
tion in the medium, the pump waves significantly
attenuate, and only the low-frequency component—
the difference-frequency wave (DFW)—continues
to propagating. The advantages of this method of
low-frequency radiation generation include a narrow
high directivity pattern within a few degrees with no
sidelobes, as well as the ability to use high-frequency
transducers that are small compared to the wave-
length of the low-frequency radiation [107]. The main
drawback of the parametric generation of difference-
frequency radiation is its relatively low efficiency since
the energy of the pump waves mostly propagates
upward in the spectrum, where it is absorbed, while
only a small fraction is transferred downward, i.e., into
the DFW.

Nevertheless, interest in studying the character-
istics of nonlinear interactions in parametric trans-
ducers remains strong. For instance, low-frequency
parametric transducers are used in hydroacoustic ap-
plications for seabed profiling, long-range ocean re-
search, and underwater communication [108]; in gen-
erating highly directional sound beams in air for active
noise control systems and targeted communication
with users in libraries and museums [109]; as well as
in medical applications, such as ultrasound imaging
at the difference frequency [110].

In the theoretical description of difference-fre-
quency wave generation and propagation, the one-
way Westervelt equation [5] or the parabolic Khokh-
lov–Zabolotskaya–Kuznetsov equation [4] is typi-
cally used under the assumption that the diffraction
divergence of both the high-frequency pump waves
and the generated low-frequency component is less
than 15◦ [20]. Modern studies of parametric interac-
tions rely on numerical modeling, as analytical solu-
tions have only been obtained using various approx-
imations in describing nonlinear and diffraction ef-
fects: in the quasi-linear approximation of pump wave
interaction [5, 107], with an approximate description
of discontinuities in the nonlinear waveform [111],
and considering simplified boundary conditions at
the transducer [5, 107]. However, even the existing
numerical algorithms based on the KZK or Westervelt
equations [112–116] were developed for the quasi-
linear approach and/or axial beam symmetry, or for
relatively small pump-to-difference frequency ratios
and moderate nonlinear propagation conditions [117].
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A fully nonlinear three-dimensional algorithm for
solving the problem of difference-frequency wave
parametric generation was recently developed in the
LIMU laboratory [118], designed for sources with
arbitrary pump-to-difference frequency ratios and
varying degrees of nonlinear effects, as well as for
realistic transducer conditions with precise diffraction
modeling in highly directional beams for both pump
waves and the difference-frequency wave [119]. The
KZK equation was numerically solved in the spectral
domain using the spectrum filtering method [120],
which was validated based on solutions of the Burgers
equation for a planar nonlinear problem.

The essence of the spectrum filtering method
(Fig. 5a) is based on its specific features in two-
frequency interaction and is as follows. As previously
mentioned in the description of one-way equation
solution algorithms for medical ultrasound problems,
to correctly account for nonlinear interactions, par-
ticularly in the formation of shock fronts, a numerical
algorithm must use approximately a thousand or
at least several hundred harmonics. In this case,
we refer to the harmonics of high-frequency pump
waves. Considering the ratio between the difference
frequency and the pump wave frequencies, which can
reach several tens, the required number of harmonics
increases to tens of thousands. Such a large number
of spectral components makes three-dimensional
modeling practically infeasible due to both the sig-
nificant memory required to store data arrays and the
long computation time. However, a detailed exami-
nation of the nonlinear wave spectra in two-frequency
pumping reveals that most spectral components have
low amplitudes and contribute minimally to DFW
generation. This enables optimization of the spectral
algorithm for solving the KZK equation by selecting
a limited subset of harmonics from the full discrete
spectrum based on a threshold criterion. That is,
if the amplitude of a given harmonic exceeds a set
threshold, it is retained in the algorithm; otherwise,
it is discarded. The model also introduced artificial
absorption, which allowed for a faster reduction of the
highest harmonic amplitudes while having minimal
impact on the low-frequency part of the spectrum.
According to the proposed method, a set of fifty high-
amplitude spectral components was identified at a
certain distance from the source as contributing the
most to low-frequency radiation generation. The
error introduced by spectral truncation was evaluated
by comparing numerical solutions of the Burgers
equation for a planar wave with a biharmonic initial
waveform, calculated using both the full-spectrum
and optimized algorithms. As a result, it was found
that the error does not exceed 2% at all considered
distances, which span several characteristic nonlin-
ear lengths [120]. Alternative criteria for selecting the

harmonic set for spectrum filtering were investigated;
however, they did not yield better results [121].

In the three-dimensional problem, spectrum fil-
tering significantly (by orders of magnitude) reduced
the computational load, making it feasible to conduct
simulations within a reasonable time frame (several
days for a single calculation). In the operator splitting
method for the KZK equation, reducing the number of
harmonics proportionally decreases the computation
time for diffraction and absorption operators. The
spectrum filtering method proved particularly advan-
tageous when optimizing the spectral algorithm for
the nonlinearity operator, as the number of com-
putational operations in this algorithm scales with
the square of the number of harmonics (9). Unfor-
tunately, optimizing calculations for pulsed signals,
which have an inherently broad spectrum, is not fea-
sible using this method, necessitating the search for
alternative approaches.

The developed algorithm was used to model an
end-fire parametric antenna (Fig. 5b) based on a
multielement two-channel underwater pump wave
transducer of elliptical shape with an axis ratio of
1.69 [122]. The frequency of one of the pump waves
was fixed at 150 kHz, while the second component’s
frequency varied between 135 and 145 kHz, corre-
sponding to DFW frequencies from 5 to 15 kHz.
Numerical modeling refined many effects that had
previously been studied mainly qualitatively using
approximate analytical models [107]. For example,
analytical solutions suggest that in a plane wave, the
DFW amplitude increases linearly with frequency un-
til the absorption of pump waves becomes significant.
In DFW beam generation, the amplitude growth
along the axis exceeds linear behavior because, at
higher DFW frequencies, diffraction divergence is
less pronounced. An effect of field symmetrization
for DFW generated by pump waves from an ellip-
soidal transducer was demonstrated. For instance,
while the beamwidths of the pump waves for this
transducer differ by a factor of 1.6 along two mutually
perpendicular directions in the transverse plane, this
ratio decreases to 1.14 for the DFW. Additionally,
beamwidth of DFW nearly doubles when transition-
ing from a quasi-linear pump wave interaction regime
to strongly nonlinear conditions. This is explained
by the fact that in such cases, difference-frequency
wave generation primarily occurs in the near field of
the pump wave beam. Consequently, the DFW beam
size is small, leading to a stronger manifestation of
diffraction divergence effects.

The efficiency of DFW generation was investi-
gated based on two criteria: the ratio of the DFW am-
plitude on the beam axis to the amplitude of the pump
waves at the transducer (relative amplitude), and the
ratio of the total acoustic power of the DFW beam
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Fig. 5. Numerical modeling of parametric radiation based on the KZK equation in the spectral representation of the pressure
field: (a) illustration of the spectral filtering method based on a threshold, (b) two-dimensional longitudinal (x, z) and (y, z)
and transverse (x, y) distributions of the pressure field of the difference-frequency wave at 15 kHz.
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Fig. 6. Method for constructing a wide-angle one-way wave model based on the Fourier operator series: (a, b) amplitude and
phase of the exact (dashed line) and periodically extended modified propagator (solid line) for the Fourier expansion in a window
of width ξL = 4 for the model with θmax = 60◦ at |ζ| = 1; (c, d) approximation error in amplitude and phase when expanding
the modified propagator into a finite Fourier series with the number of harmonics 2N = 100. The vertical dash-dotted lines
indicate the angular range of propagating waves represented in the model. The vertical dashed lines mark the boundaries of
one period of the modified propagator.

to the total power of the pump wave beams. It was
shown that the relative amplitude initially increases
linearly with the pump wave amplitude, in accordance
with the quasi-linear model, and then, with a further
increase in pump wave intensity, reaches saturation,
which is consistent with analytical estimates [111].
Saturation occurs due to a significant increase in
nonlinear absorption as shock fronts form. In ab-
solute units of acoustic pressure, saturation on the
beam axis corresponds to the continued linear growth
of the DFW amplitude. The relative power of the
DFW beam continues to increase without saturation
because, as the pump wave amplitude grows, the
periphery of the beam contributes to the generation.
For a DFW at 15 kHz, the power ratio in the strongly
nonlinear regime was 0.05%.

Thus, a series of studies demonstrated that the

fully nonlinear three-dimensional approach based on
the KZK equation allows for a detailed investigation
of the quantitative characteristics of the parametric
generation of low-frequency radiation and enables the
determination of optimal pump wave radiation pa-
rameters to maximize output power at the difference
frequency while maintaining the desired directivity of
the low-frequency beam.

5. WIDE-ANGLE PARABOLIC EQUATION
METHODS IN NUMERICAL MODELING

OF WAVES IN INHOMOGENEOUS MEDIA
BASED ON ONE-WAY EQUATIONS

5.1. Main Approaches to Constructing Wide-Angle
Parabolic Models

In the previous sections of this review, apart from
aeroacoustic problems, the focus was primarily on
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the application of one-way numerical models for
studying nonlinear wave processes in homogeneous
media. However, in many practically important cases,
significant interest lies in studying the influence of
inhomogeneities on wave propagation, as they can
cause substantial changes in the spatial distribu-
tion of the wave field compared to a homogeneous
medium [123]. For example, in medical applications
of high-intensity ultrasound, beam focusing in the
therapeutic region occurs through layers of soft bio-
logical tissues, which, from an acoustic standpoint,
constitute a weakly inhomogeneous medium [124].
Inhomogeneities in the speed of sound introduce
aberrations that degrade beam focusing quality, man-
ifesting as a decrease in amplitude at the focus and
a shift in its position [125]. The distortion of the
acoustic field makes therapeutic exposure unpre-
dictable and, in some cases, may even prevent it from
being performed if the required wave characteristics
at the focus are not achieved [126]. Therefore,
these wave phenomena require detailed investigation
using appropriate theoretical models that account for
inhomogeneities.

One-way wave models, with certain assumptions,
can be extended to inhomogeneous media, where the
speed of sound, medium density, and other parame-
ters (such as nonlinearity and absorption coefficients)
are functions of spatial coordinates [127]. It should
be noted that when the initial wave propagates pre-
dominantly in one direction, the presence of inhomo-
geneities not only distorts the incident wave but also
generates reflected waves traveling in the opposite
direction. Strictly speaking, in this case, one-way
models no longer fully describe the wave process.
However, if the inhomogeneities are sufficiently weak
and smooth, the amplitude of the reflected waves re-
mains small and can be neglected. In this case, apply-
ing one-way models to describe wave propagation in
inhomogeneous media is justified and does not intro-
duce significant errors. If the Westervelt equation in
an inhomogeneous medium is taken as the basis, the
main difficulty in solving it arises from the diffraction
term, which is equivalent to the conventional wave
equation in the time domain or the Helmholtz equa-
tion in the frequency domain for the pressure field.
Therefore, to construct a one-way model, wide-angle
parabolic approximation methods can be used, which
are frequently applied in a broad range of problems
involving one-way wave propagation in inhomoge-
neous media in various fields of acoustics [128, 129],
geophysics [11], as well as in radio physics [130] and
optics [131].

If the z-axis is chosen as the preferred direction
of wave propagation, the Helmholtz equation for the

complex amplitude of the pressure field p is typically
written in the operator form [132]:

∂2p

∂z2
+ k20Q̂

2p = 0, (28)

where the operator Q̂2 = 1 + L̂ is defined, and L̂ is a
differential operator containing the Laplacian over the
transverse coordinates x and y, as well as functions
describing inhomogeneities in the speed of sound c
and medium density ρ [133]:
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Here, k0 = ω0/c0 is the reference wavenumber cor-
responding to the reference speed of sound c0, and
na = c0/c is the acoustic refractive index in a medium
with a speed of sound distribution c (x, y, z). The case
of smooth variations in inhomogeneities along the z-
axis is considered here, so this dependence can be
locally neglected. In the general case, to account for
smooth longitudinal variations in the medium’s prop-
erties, a special normalization factor is introduced,
which depends on the medium parameters and links
the pressure to a new variable for which the one-way
equation is derived [134].

The normal mode method is often used to describe
one-way wave propagation [135]. According to this
method, the pressure field in the Helmholtz equa-
tion (28) can be represented as a superposition of
normal modes

p =
∑

m

pm (z)ψm (x, y) , (30)

where the functions pm (z) are proportional to
exp (ikmz), and the normal modes ψm and eigenval-
ues k2m satisfy the equation:

k20
(
n2
a − 1

)
ψm

+ ρ

(
∂

∂x

(
1

ρ

∂

∂x

)
+

∂

∂y

(
1

ρ

∂

∂y

))
ψm

= k2mψm. (31)

Furthermore, the modes satisfy the orthogonality
condition∫∫

D

ρ−1ψm (x, y)ψn (x, y) dxdy = δmn, (32)

where D is the domain in the transverse plane (x, y)
where the problem is considered, δmn is the Kro-
necker delta, and m > 0, n > 0 are the mode indices.
In compact notation, using the classical differen-
tial operator k20Q̂

2, the eigenfunction and eigenvalue
problem is represented as

k20Q̂
2ψm = k2mψm. (33)
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Applying the operator k20Q̂
2 to the function ψm an

integer number of times J > 0, we obtain
(
k20Q̂

2
)J

ψm =
(
k2m

)J
ψm. (34)

Thus, for some function f (X), which can be ex-
panded into a convergent Taylor series, we can write

f
(
k20Q̂

2
)
ψm = f

(
k2m

)
ψm. (35)

In the particular case of the function f (X) =
√
X for

X > 0 and X < 2, we obtain

k0Q̂ψm = kmψm, (36)

where Q̂ =
√

1 + L̂ is a pseudodifferential operator.
In general, the operator k20Q̂

2 can have negative
eigenvalues, which correspond to nonpropagating
waves (where km is imaginary). In this case, the
branch of the square root function is chosen such that
it ensures attenuation of these waves with distance.

Using the modal representation of the field, a one-
way equation can be derived. For example, if we
consider a single mth mode, the field for it is

p = eikmzψm (x, y) . (37)

Differentiating with respect to z gives:

∂p

∂z
= ikmeikmzψm (x, y) . (38)

Using the definition of the operator Q̂ (36), the right-
hand side of this equation can be rewritten, yielding
a one-way pseudodifferential equation for a single
mode:

∂p

∂z
= ik0Q̂p. (39)

Since each solution of the original Eq. (28) can be
expressed as a superposition of modes, the obtained
equation is also valid for a wave that is a solution and
propagates in the direction of z > 0. In the theory
of wide-angle parabolic equations, further derivations
are typically carried out using a more compact oper-
ator formalism based on the modal representation of
the pressure field.

Thus, the Helmholtz equation in operator form can
be factorized into two factors:

(
∂

∂z
+ ik0

√
1 + L̂

) (
∂

∂z
− ik0

√
1 + L̂

)
p = 0.

(40)

Here, in the right-hand side, in a smoothly inhomo-
geneous medium, the commutator of the operator

∂/∂z and the pseudodifferential operator Q̂ =
√

1 + L̂
is typically neglected. This results in two equations,

one corresponding to waves propagating in the di-
rection of z > 0, and the other in the direction of
z < 0 [136]. Selecting only one propagation direction
for waves toward positive z, the one-way evolution
equation for the slowly varying pressure envelope
ϕ = p exp (−ik0z) is written as [137]

∂ϕ

∂z
= ik0

(√
1 + L̂− 1

)
ϕ. (41)

Due to the presence of the pseudodifferential oper-

ator Q̂ =
√

1 + L̂ on the right-hand side, solving
this equation is quite difficult, as it would require
finding all modes and their corresponding eigenval-
ues, which is generally a computationally demanding
task. Therefore, in practical numerical modeling,
various approximations of the operator Q̂ ≈ Q̂a are
used to avoid solving the eigenvalue problem and to
employ other, less computationally expensive solu-
tion methods [138]. From the perspective of modal
decomposition, applying an approximate operator Q̂a

implies the following. From the perspective of modal
decomposition, applying an approximate operator Q̂a

implies the following:

L̂ψm =
k2m − k20

k20
ψm, (42)

according to which the eigenvalue of the operator L̂
is ξm =

(
k2m − k20

)
/k20 . Using the same reasoning

as for the operator k20Q̂
2, it can be shown that for a

certain function f (X), the following holds:

f
(
L̂

)
ψm = f

(
k2m − k20

k20

)
ψm. (43)

Therefore, replacing the exact operator Q̂ =
√

1 + L̂

with its approximation Q̂a (L) in Eq. (39) and sub-
stituting the solution in the form of a single mode
p = eik̃mzψm, we obtain

k̃m = k0Qa

(
k2m − k20

k20

)
. (44)

Here, Qa (ξ) is an approximating function for
√
1 + ξ,

and k̃m is the approximate value of the wavenumber.
Thus, in the solution of the approximate one-way
equation, the modes ψm remain unchanged, while the
exact wavenumbers km are replaced by their approx-
imate values k̃m, corresponding to a given approxi-
mating function.

For example, if we use the linear expansion√
1 + L̂ ≈ 1 + L̂/2, we obtain the standard parabolic

diffraction equation [139]:
∂ϕ

∂z
=

ik0
2

L̂ϕ, (45)
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which was previously discussed for the case of a ho-
mogeneous medium (na = 1, ρ = const). Expanding
the operator Q̂ into a Taylor series to higher orders in
L̂ to improve the approximation accuracy and extend
the angular range of the approximate equation turns
out to be ineffective [140], and Padé approximations
in the form of a product or sum of rational functions
are mainly used [141]:

Q̂ ≈
Nl∏

l=1

1 + μlL̂

1 + νlL̂
= 1 +

Nl∑

l=1

αlL̂

1 + βlL̂
, (46)

where the integer Nl > 0 defines the order of ap-
proximation 2Nl, and (μl, νl) and (αl, βl), l = 1 . . . Nl

are the corresponding sets of coefficients that are
determined in various ways [142]. For example, for
order Nl = 1, one of the first wide-angle equations is
known [143]:

∂ϕ

∂z
=

ik0
2

L̂

1 + L̂/4
ϕ. (47)

Next, the one-way equation, similar to how it was
done with the standard parabolic equation, can be
approximated using the generalized Crank–Nicolson
scheme [143]:

(
1− ζ

2

(
Q̂− 1

))
ϕm+1

=

(
1 +

ζ

2

(
Q̂− 1

))
ϕm, (48)

where ϕm+1 is the field at the next step z +Δz, ϕm

is the field at the current step z, and ζ = ik0Δz is a
dimensionless complex parameter, whose magnitude
equals the dimensionless grid step along the z-axis.
After substituting a specific Padé approximation of
the operator Q̂ into Eq. (48) and further factorizing
the operators in the left- and right-hand sides, a series
of final equations of the form can be obtained:

(
1 + ν̃lL̂

)
ϕ̃(l+1) =

(
1 + μ̃lL̂

)
ϕ̃(l) (49)

with a new set of coefficients ν̃l and μ̃l, which are
solved using various numerical methods (finite differ-
ence, finite element). Here, ϕ̃(l) represents intermedi-
ate fields in solving a series of Nl equations, initialized
by the field ϕm at the current step along z.

A more advanced approach involves using the for-
mal solution of the one-way equation:

ϕm+1 = exp

[
ζ

(√
1 + L̂− 1

)]
ϕm, (50)

obtained after integrating Eq. (41) with respect to z.
In terms of modal representation, this solution takes

the form:

ϕm+1 =
∑

l

alψl exp [ζ (kl/k0 − 1)] , (51)

where al are the expansion coefficients of the field
ϕm in terms of normal modes ψl with correspond-
ing wavenumbers kl. Previously, this solution was
called an operator plane wave, which is a collection
of normal modes propagating in one direction [10].
In modern literature, the term propagator operator, or
simply propagator, is commonly used:

Ĥ = exp

[
ζ

(√
1 + L̂− 1

)]
, (52)

whose arguments are the pseudodifferential operator
Q̂ and the dimensionless parameter ζ . According
to (51), the propagation operator Ĥ corresponds to
a complex-valued function of the eigenvalues ξ of the
operator L̂:

H (ξ, ζ) = exp
[
ζ

(√
1 + ξ − 1

)]
. (53)

In a homogeneous medium, this exactly corresponds
to the propagator of the angular spectrum method
for ξ = −

(
k2x + k2y

)
/k20 = − sin2 θ, where θ is the

angle at which a plane wave with a wave vector(
kx, ky, kz =

√
1−

(
k2x + k2y

)
/k20

)
propagates rel-

ative to the z-axis. The graph of the amplitude
and phase of the propagator is shown in Figs. 6a
and 6b with a dashed line. The interval −1 < ξ � 0
corresponds to propagating waves, while the region
ξ � −1 corresponds to evanescent inhomogeneous
waves that decay exponentially with increasing z.
The region ξ > 0 is not involved in a homogeneous
medium since here ξ = 0 is the maximum eigen-
value corresponding to a plane wave with a wave
vector (0, 0, k0) propagating strictly along the z-axis.
However, the region ξ > 0 appears in the presence of
inhomogeneities with a refractive index na > 1.

Similarly to the operator Q̂ in Eq. (41), the prop-
agator in the formal solution can be directly replaced
by Padé approximations of a given order (Nl, Nl) [29,
144]

ϕm+1 =

Nl∏

l=1

1 + μ̄lL̂

1 + ν̄lL̂
ϕm, (54)

where the coefficients μ̄l = μ̄l (ζ) and ν̄l = ν̄l (ζ) are
functions of the dimensionless step. This representa-
tion is equivalent to an approximation for the function
H (ξ, ζ):

H (ξ, ζ) ≈
Nl∏

l=1

1 + μ̄lξ

1 + ν̄lξ
. (55)
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The propagator form obtained from the approxi-
mation (54) implies solving equations of the same
type (49) as when using the generalized Crank–
Nicolson scheme for the one-way equation. Alter-
natively, instead of Padé approximations in the form
of a product, Padé approximations in the form of a
sum can be used [7]:

ϕm+1 = ϕm +

Nl∑

l=1

ᾱlL̂

1 + β̄lL̂
ϕm, (56)

which leads to the need to solve similar equations(
1 + β̄lL̂

)
ϕ̃(l) = ᾱlL̂ϕ

m, differing from equations of

the type (49) only by their right-hand side. A feature
of Padé approximations in the form of a sum is the
ability to solve Nl equations in parallel, followed by
summing the partial solutions ϕ̃(l).

As mentioned in the first section of the article
when describing methods for solving the diffraction
operator of the radially symmetric Westervelt equa-
tion, the wide-angle parabolic equation method is
effective in two-dimensional problems where there is
a predominant wave propagation direction and only
one transverse coordinate. This is because in a two-
dimensional problem, equations of the type (49) are
one-dimensional, contain derivatives only along a
single transverse coordinate, and therefore are well
suited for standard numerical methods. For example,
when using a second-order finite difference method,
the system of equations for pressure field values at
numerical grid nodes forms a tridiagonal matrix and
is easily solved by the Thomas algorithm [30, 143].
In the three-dimensional problems discussed in this
section, the construction of an efficient numerical
scheme is significantly more complex.

Since in three-dimensional problems there are two
transverse coordinates (e.g., x and y in a Cartesian
coordinate system), the differential operator L̂ con-
sists of the sum of two components

L̂ = L̂x + L̂y, (57)

each of which contains derivatives only with respect
to one of these two coordinates. For example, with
a symmetric division of refractive index inhomo-
geneities between L̂x and L̂y , it can be written as

L̂x =
n2
a − 1

2
+

ρ

k20

∂

∂x

(
1

ρ

∂

∂x

)
(58)

and a similar expression for L̂y. As a result, even
the application of simple finite-difference schemes for
equations of the type (49)

(
1 + ν̄l

(
L̂x + L̂y

))
ϕ̃(l+1)

=
(
1 + μ̄l

(
L̂x + L̂y

))
ϕ̃(l), (59)

derived from Padé approximations of the propaga-
tor (54), requires solving systems of linear equations
with block-tridiagonal matrices [145]. Although the
matrices of such systems are sparse, they require
more complex solution methods compared to simple
systems with tridiagonal matrices. Another major
problem is the size of these matrices, since if there
are Nx grid nodes along the x-axis and Ny nodes
along the y-axis, then the total number of equations
is NxNy, with a full matrix size of N2

xN
2
y . For ex-

ample, in typical medical ultrasound problems, the
number of equations NxNy can reach several million,
which makes direct solution of the system extremely
difficult. For this reason, iterative methods are being
developed to solve systems of this type [146], which,
however, introduce additional challenges related to
scheme stability, convergence rate, and the selec-
tion of a good initial approximation for the pres-
sure field [147]. Due to the complexity of iterative
methods, alternative approaches are being explored
for constructing numerical schemes for the three-
dimensional wide-angle parabolic equation.

It is worth noting that the method of separation of
variables does not directly work for Eq. (59), since the
left-hand side of the equation acts on the unknown
field ϕ̃(l+1) using the operator L̂x + L̂y, which con-
tains a sum of derivatives along the mutually perpen-
dicular axes x and y, leading to the emergence of a
zeroth-order error when attempting to separate the
operators. To compensate for this error directly in
Eq. (59), an iterative scheme with corrective terms is
known, but it has drawbacks and, for certain values of
grid parameters and Padé approximations, becomes
unstable [148]. Therefore, most methods for solving
the three-dimensional wide-angle parabolic equation
rely on the concept of operator splitting. For example,
the exact propagator is often decomposed into three
propagators [149]:

Ĥ ≈ exp
[
ζ

(
Q̂x − 1

)]
exp

[
ζ

(
Q̂y − 1

)]

× exp
[
ζ

(
1 + Q̂− Q̂x − Q̂y

)]
. (60)

Here, the notation for the pseudodifferential operators

Q̂x =

√
1 + L̂x and Q̂y =

√
1 + L̂y is introduced,

acting separately along the x and y axes. The
calculation of the first two operators is performed
using the fractional-step Padé method and does
not pose difficulties, since each of them is a one-
way propagator of a two-dimensional problem and
contains only one-dimensional differential operators
along individual directions x and y. The remaining
third operator is usually expanded into a Taylor series
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up to a given order for explicit computation, forming a
set of cross operators of the type L̂a

xL̂
b
y, where a > 0,

b > 0 are integer powers. In these cross terms, in
general, it is necessary to track the order of operators
L̂x and L̂y in the product, since they do not com-
mute with each other in an arbitrary inhomogeneous
medium. Since the Taylor series has a limited radius
of convergence, this scheme additionally requires
the implementation of spatial filters to suppress
artificially generated growing components of the wave
field. There are also other similar variants of exact
propagator splitting that differ in the representation
of the cross-term decomposition [133, 150]. Thus,
splitting schemes are quite complex to implement and
usually require considering a large number of different
operator terms.

5.2. A New Method for Approximating
the Propagator of the One-Way Wave Equation

Based on Fourier Series

Due to the aforementioned computational dif-
ficulties arising in the theory of three-dimensional
wide-angle parabolic equations, the LIMU labora-
tory is currently developing alternative methods for
constructing wide-angle parabolic models, which, in
some respects, are simpler than existing counter-
parts.

The main idea of the new method is to aban-
don traditional Padé approximations of the propaga-
tor (54) and instead use the expansion of the propaga-
tor function into a finite Fourier series within a certain
finite window along the eigenvalue axis ξ [151]:

H (ξ, ζ) ≈
N∑

k=−N

Ake
iBkξ. (61)

Here, Ak are the complex amplitudes of the Fourier
expansion, while Bk = 2πk/ξL are the corresponding
“frequencies” of the discrete spectrum for a window
width of ξL. The values Bk are neither spatial nor
temporal frequencies but simply represent a set of di-
mensionless numbers spaced apart by a step of 2π/ξL
defined by the expansion window width. Replacing ξ

back with the operator L̂ allows obtaining the repre-
sentation of the one-way equation propagator in the
form of a Fourier operator series [152]:

Ĥ ≈ ĤF =

N∑

k=−N

Ake
iBk

̂L. (62)

In the aforementioned work [151], the Fourier ex-
pansion of the propagator was an intermediate step
for smoothing the propagator function, followed by
constructing an explicit scheme based on the Taylor

series. As a result, on the one hand, a satisfac-
tory approximation of the spectra of both propagating
and nonpropagating waves was achieved, while on
the other hand, the propagator was smoothed in the
vicinity of ξ = −1. Here, however, the main advan-
tage of using this form of propagator representation
is that each term in the Fourier series is a simple
exponential propagator

ĤE = eiBk
̂L, (63)

which, in its structure, is completely analogous to the
propagator of the standard parabolic Eq. (45):

ĤP = eζ/2
̂L. (64)

The only difference lies in the coefficients preceding
the operator L̂: ζ/2 for the parabolic equation and iBk

for the exponentials in the Fourier operator series. It
is also worth noting that the kth positive or negative
exponential in the series can be computed by repeat-
ing k times the computation of the exponential for the
first frequency of the spectrum B±1:

eiBk
̂L =

(
eiB1

̂L
)k

. (65)

Therefore, the entire operator series (62) can be fully
computed with N repeated evaluations of the expo-
nential with positive frequency B1 and the same num-
ber for the exponential with negative frequency B−1:

ϕm+1 =

N∑

k=−N

Akϕ̃k, (66)

where the initial field is ϕ̃0 = ϕm, and the interme-

diate fields are computed as ϕ̃k = exp
(
iB±1L̂

)
ϕ̃k∓1

with B1 for k > 0 and B−1 for k < 0.
Various operator splitting schemes, which have

a relatively simple structure, can be used to com-
pute the exponential propagators (63) in the three-
dimensional problem. For instance, if it is neces-
sary to separate the operators L̂x and L̂y, first- and
second-order splitting schemes can be applied:

eiB1
̂Lx+iB1

̂Ly ≈ eiB1
̂LxeiB1

̂Ly ,

eiB1
̂Lx+iB1

̂Ly ≈ eiB1/2̂LxeiB1
̂LyeiB1/2̂Lx . (67)

Each exponential containing a separate operator L̂x

or L̂y can then be expanded using Padé approxima-
tions of various orders [153], leading to equations of
the form:

(
1 + νl,xL̂x

)
ϕ̃1 =

(
1 + μl,xL̂x

)
ϕ̃0,

(
1 + νl,yL̂y

)
ϕ̃2 =

(
1 + μl,yL̂y

)
ϕ̃1, (68)
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where ϕ̃0 is the known field at the given step, ϕ̃1 is an
intermediate field, ϕ̃2 is the field to be computed, and
νl,x, μl,x, νl,y, μl,y are the corresponding sets of Padé
approximation coefficients. For example, applying a
first-order splitting scheme together with a diagonal
Padé (1, 1) approximation for the exponential (64)
forms the basis of the standard alternating direction
implicit (ADI) scheme for the narrow-angle parabolic
equation:

ϕm+1 =

(
1 + ζ/4L̂x

1− ζ/4L̂x

)(
1 + ζ/4L̂y

1− ζ/4L̂y

)

ϕm, (69)

which is also applicable to the propagator

exp
(
iB±1L̂

)
.

Another method for computing operator exponen-
tials involves separating the differential operators and
the functions describing inhomogeneities in the oper-
ator L̂ [154]. For instance, in a medium with constant
density but inhomogeneous refractive index, the fol-
lowing expression can be written:

L̂ = L̂0 + n2
a − 1, (70)

where the Laplacian operator k20L̂0 = ∂2/∂x2 +
∂2/∂y2 includes only derivatives with respect to
transverse coordinates. Then, for the operator ex-
ponential, the first-order splitting scheme takes the
following form:

eiB1(̂L0+n2
a−1) ≈ eiB1

̂L0eiB1(n2
a−1). (71)

The first exponential, similar to the angular spectrum
method, can be computed in the spatial spectrum
using the FFT algorithm, while the second expo-
nential is incorporated as a scalar function of spatial
coordinates. This method is widely known in the liter-
ature as the split-step-Fourier (SSF) method and has
been frequently used to solve the standard parabolic
equation in inhomogeneous media [132]. As in the
case of separating the operators L̂x and L̂y, higher-
order splitting schemes can also be applied here [155].

The main challenge in representing the propagator
as an operator Fourier series (62) is that the function
H (ξ, ζ) is not periodic in any finite window along
the ξ axis and exhibits a singularity with unbounded
derivatives at ξ = −1, which marks the boundary be-
tween the spectra of propagating and nonpropagating
waves. Thus, if no corrective measures are taken,
the Fourier series converges slowly, and the Gibbs
oscillations become pronounced, rendering the entire
scheme unstable. This occurs because certain re-
gions on the ξ axis exhibit values of |H (ξ, ζ) | exceed-
ing unity to such an extent that the corresponding
angular spectrum components grow rapidly when the
propagator is applied stepwise along the z axis. To

address this issue, it was proposed to first construct
a sufficiently smooth modified propagator, which is
then expanded into a rapidly converging Fourier se-
ries with negligibly small Gibbs oscillations.

The idea of constructing the modified propagator
HM (ξ, ζ) consists in first selecting a certain spec-
tral interval [ξB , ξC ], in which the modified propa-
gator is represented exactly. That is, in this inter-
val, the function HM (ξ, ζ), describing the modified
propagator, is exactly equal to H (ξ, ζ). The left
boundary of the interval −1 < ξB < 0, located in the
spectral region of propagating waves, determines the
angular range of the wide-angle model according to
θmax = arcsin

√
−ξB. The right boundary of the in-

terval ξC > 0 is located in the region necessary for de-
scribing cases with refractive index inhomogeneities
na > 1. Outside the interval [ξB , ξC ], but within
the periodic window [−ξL/2, ξL/2] of width ξL, other
points are located, for example, −ξL/2 < ξA < ξB
and ξD = ξL/2, at which the values and derivatives
of the exact and modified propagators are matched.
In the interval between the pairs of points ξC and
ξD, ξA and ξB , a two-point Hermite interpolation of
a given order is performed, which ensures continuity
not only of the function values but also of its deriva-
tives up to the corresponding order Nd ≥ 1. Thus,
in the periodic window [−ξL/2, ξL/2], the modified
propagator and its derivatives up to the specified Nd

remain continuous functions, which significantly in-
creases the convergence rate of the Fourier series. At
the same time, in the interval [ξB , ξC ], the required
exact values of the propagator are preserved, while
outside this interval |HM (ξ, ζ) | < 1, which ensures
the attenuation of unwanted components of the spa-
tial spectrum of the pressure field. In Figs. 6a and
6b an example of the modified propagator (ampli-
tude and phase) for |ζ| = 1 with a maximum angle
θmax = 60◦ is shown when expanded in a window
of width ξL = 4. Here, three consecutive periods
are shown, among which the period in the interval
[−2 2], bounded by vertical dashed lines in the figure,
covers the region of ξ values of interest for the exact
propagator. In this example, Hermite interpolation
with Nd = 5 was used, which allowed reducing the
amplitude of Gibbs oscillations at a harmonic number
2N = 100 to the level of 10−8 (Fig. 6c). The phase
error in this case is somewhat larger and amounts to
10−7 (Fig. 6d). In practice, such a low amplitude
of oscillations prevents the scheme from diverging
even when modeling the field at distances of up to
thousands of wavelengths. Moreover, the modified
propagator can be constructed in various ways, for
example, by separately matching the amplitude and
phase, and varying the free parameters to reduce the
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number of Fourier harmonics for a given approxima-
tion error level [156]. It is important to note that
due to the periodicity of the Fourier expansion of the
propagator, some components of the spatial spectrum
with high frequencies from the nonpropagating wave
region have a transmission coefficient equal to that
in the propagating wave region, i.e., equal to unity
(excluding the effect of Gibbs oscillations). If sup-
pression of these components is required, additional
low-pass spatial filters may be applied [157].

Thus, in new theoretical studies conducted at the
LIMU laboratory on the topic of numerical modeling
of wave propagation in inhomogeneous media, alter-
native methods of the wide-angle parabolic equation
are being developed, aimed at obtaining one-way
three-dimensional models to which sufficiently simple
numerical schemes can be applied, eliminating the
need to solve systems of linear equations with large
sparse matrices or to compute a large number of com-
binations of cross-operators considering their com-
mutative properties. The proposed method of modi-
fying the exact propagator followed by its expansion
into a finite Fourier series allows constructing various
versions of numerical schemes, including those using
finite difference or finite element methods, as well
as exponential operator splitting methods with the
possibility of performing computations in the spatial
spectrum based on the FFT algorithm.

CONCLUSIONS

This review includes a description of the main
numerical algorithms developed over the past three
decades at the Laboratory for Industrial and Medical
Ultrasound of Lomonosov Moscow State University
for solving nonlinear problems of diffracting acoustic
wave propagation and confined beams in absorbing
and inhomogeneous media. The theoretical founda-
tion for the algorithms is formed by classical evo-
lutionary equations of nonlinear acoustics, such as
the Burgers equation, the Khokhlov–Zabolotskaya–
Kuznetsov (KZK) equation, the one-way Westervelt
equation, and their generalizations for various ab-
sorption and dispersion laws, as well as inhomoge-
neous media. Examples of results obtained in nu-
merical experiments for various practical problems
of nonlinear acoustics in medical ultrasound, aeroa-
coustics, and the analysis of nonlinear parametric in-
teractions of intense pump waves at close frequencies
are presented, demonstrating the capabilities of the
discussed methods. A new approach to constructing
a wide-angle parabolic model suitable for describing
one-way wave propagation in three-dimensional in-
homogeneous media is also outlined.

The numerical models and their software imple-
mentations presented in this review allow for further

development and generalization to a broader range
of problems. One of the drawbacks of existing al-
gorithms is the relatively low computation speed in
three-dimensional problems when strong nonlinear
effects are present. One possible solution here is us-
ing the advantages of parallel computing on graphics
processors. However, the main challenge lies in the
fact that, unlike parallelization methods on central
processors, such as those utilizing code extensions
provided by the OpenMP standard, no unified stan-
dard currently exists in GPU computing that ensures
compatibility with existing code bases. Moreover,
relatively ready-to-use solutions are offered by only
one well-known graphics chip manufacturer, creating
the risk of dependency on a single vendor of propri-
etary software and hardware solutions. Regarding
the physical problems for which these models are
being developed, applications where medium inho-
mogeneities significantly influence wave propagation
are becoming increasingly relevant. For example,
considerable attention is currently being given to re-
search on noninvasive ultrasound surgery methods
for tumor destruction in abdominal organs (liver, kid-
ney, pancreas), where heterogeneous layers of ab-
dominal wall tissues along the path to the focal point
create strong distortions (aberrations) of the ultra-
sound beam. The development of one-way mod-
els based on the wide-angle parabolic approximation
for studying these processes and the possibilities for
aberration correction is therefore a highly relevant
research direction.
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